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The Fractional Laplacian (—A)® in R”

» Fourier transform (—/A?U(f) = ‘5‘2811(5)

u@) —u(r+y)

» Singular integral (—A)%u(z) = / e

L™ i) — uleny
F(—S)/O (6 ’LL((E) ( )) t1+S

» Dirichlet-to-Neumann map (Caffarelli-Silvestre, CPDE 2007)

» Spectral (—A)%u(z) =

(=A)u(z) = — lim '~ >U,(x,1t),

t—0+

where
div (t172VU (z,t)) =0, (x,t) € R™ x (0, +00),
U(z,0) = u(x), x € R™.



Some Fractional Laplacians in €2

» E.g. RFL “restricted”, SFL “spectral”, CFL “censored”, ...
> L~ (—A)p in Q€R”
> Typically Lu(w) = | (ue) ~ u(w)7 (z.9) dy + n(a)ula)
Q
» (H;) L7! has (symmetric) Green’s kernel (for z # y in Q)

g 1 o(x)Y 6(y)”
G(xay) - |x_y|71—25 <1/\ |x_y’Y) <1/\ |$—y|'¥ ’

where §(z) := dist(x, Q°)

Interior regularity: 2s € (0,2)
Boundary regularity: v € (0, 1]
Boundary blow-up possible if: v — (25 — 1) >0

vV v vy

Better regularity if v < 2s



RFL: Restricted Fractional Laplacian

Im@>=xjwm—uwnjuwww+mumw>
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» Restriction: u|ge =0

> (—A)fpeu(T) 3:/]R Mdy

o=y

— Taw) = o wla) = [ < aa)

|z — y|n+2s ) o |l —y|ntes -
> (-A)gpLrs =0on Ry = y=s
» y—(2s—1)=1-—5>0 for any s € (0,1)



SFL: Spectral Fractional Laplacian

IM@=LW@—MMJ@MM+MWM)

() Glry)= — (M o) )(M 6<y>7)

|z — y|n—2s |z — y[ |z —y|

—Apj = ey nQ

» Spectrally: (—A)S @5 := s for
pectrally: (—A)pre; 5P {(pj ~0 on 99

» In terms of K = (heat kernel of —A in ),
- L 5()8(y)
j :r,y )| / t, 7y t1+s - ‘I* y|n,+23 (1/\ |$*y|2>

dt .
_ECJA (1 [ s =

» (Classical Hopf lemma + boundary regularity — v =1

> v —(2s—1)=2—25s>0 for any s € (0,1)



CFL: Censored (Regional) Fractional Laplacian

Lu(x) = / (u() — u(y)) T (2, ) dy + £l(2)u(z)

(Hi) G(z,y) = ! (1/\ o) )(M 3(y)” )

|z —y|n—2s |z —y|? [z =y

u(z) — u(y)

» Censorship: (—A)Z =
ensorship: (—A)& e u(z) T =g

1
‘.’E _ y|n+25’

J(x,y) = k() = 0.

> Need boundary trace = s € (4,1)
> (—A)pr® t=0om Ry = y=2s—1

> v —(2s—1)=0for any s € (3,1)



Large L-harmonic functions

eg  (—A)p(1—z):" =0 By

Lu=0 in €,
u=d6"" ondQ,

» Abatangelo-Gémez-Castro—Vazquez (2019)

» Precise boundary blow-up rate

1-— S, RFL (’Y = S)a
hi=~y— (25— 1)={2—2s, SFL (y=1),
0, CFL or —A (y=2s —1).

» (H4) Martin (boundary Poisson) kernel M = DG exists

) . Gy,z) §(x)Y
D.G((,x) := =
Y (Q l) Q%ILIIILC 5(y),y |7 — C|n72s+2'y

,x €, e,

_ 1 5(2)7d(y)”
(Hl) G(ﬁ,y) - ‘x_y|71723 (1/\ ‘x_ylz’V )



Large L-harmonic functions

Lu=0 in Q,
bi=7v—(2s—1).

'ux M[1] 'u=h on 09,

» Martin operator M : L>®(9Q) — §-"L>(Q)

hi— M[h] = | M(C,)h(¢)dHy ™"
0
is continuous since
. 6(x)]72,s+2'y o
_\b - n—1
o(x)" M[1](z) < /ag P dH
d¢’

> L[M][h]](z) = 0 since M(¢,z) = D,G(¢, x)
> M[1]7*M[h] — h towards 99, for h € C(99)

S(x)Y
(Ha) 3IMI(C, ) < \T_q(fizzm z€Q, €N



Assumptions on L

> (H;) symmetric Green’s kernel G

G(z,y) = Gly,z) = —— <1/\ o) )(m o) )

|z — y[n—2s lz —y|7 |z —y|

» (H,) boundary regularization of Green’s operator G = L~}
G:L>®(Q) = 57C(Q)

» (H3) sub-markovian semigroup S(t) = e~

> (H4) Martin’s kernel M = DG

o(x)Y

MG 2) = T

x €Q, (e N



Existence-uniqueness with boundary singularity

Theorem (C.-G6émez-Castro—Vazquez, preprint)
For L ~ (—=A):p, with
» (Hy) symmetric Green’s kernel G
> (Hy) G regularizing up to §7C(Q)
> (H3) sub-markovian semigroup S(t) = e~ &
» (H4) Martin’s kernel M = D, G,
ug +Lu= f(t,z) forzeQ, te(0,T),
MU u=nh(t,¢) for(c o, te(0,T),
u(t,z) =0 forx € Q°, ¢t € (0,T),
u(0, z) = up(2) forz e,
has a unique weak-dual solution for ug € L*(Q,67), f € LY(0,T; LY(Q,67)), h € L'((0,T) x 0Q).

» Turn boundary singularity ON/OFF as you prescribe / !



Continuity of G : f +— /QG(-,y)f(y) dy

LY(Q;G(6%) — LY(Q,5%), for > -1 -7,
LY(Q) — LP(), for p € [1, —25-),
L*(Q) — Hi (),
LPo(Q)) — LP' () for po € (1,4%) and .- = - —
LI(Q)) — L™(Q), for ¢ € (5%, +00),
0L () — G(64)L>(Q), for a > -1 -7,
STL™(Q) — 57 0(0Q), (by (H2)),
where (Abatangelo-Goémez-Castro—Vazquez, 2019)
got2s for a + 25 < 7,
G(0Y) << 07 (14 |logd|) for a+2s =1,
&7 for a + 2s > 7.
_ 1 d(x)7 5(y)”
(Hl) G(m,y) -~ ",L,_ylans (1/\ \:c—yI“Y) (1/\ |1~_y|’Y)




The standard eigenvalue problem

Le—Xp=0 inQ,
p=0 in R™\ 2 or 09

» Bonforte-Figalli-Vazquez (CVPDE 2018)
> (H) = 0<G(z,y) Sle—y~2
> G:L2(Q) 2B 12(Q) (RieszFréchet-Kolmogorov)
» Discrete standard spectrum X
O< M <A< Nf+0
» Standard eigenfunctions ¢; = A;G(p;) =
p1 =07, g S07

> Energy space

HE(Q) = v e L*(Q): ZA?(U,(@)Q < +o0
j=1



Eigenfunction estimates ¢ < 07, |p;| < 87

Behavior of cigenfunctions ¢; = X\;jG(¢;)?

» Upper bound for ¢;, Vj > 1

2 =MGR(2)) €87C(Q)  (finite large k)
» Lower bound for ¢; (Hopf)

() Gy = ——— (1A 2 (18 20 2 sayse)

|z —y[n=2s lz —y|7 |z —y|Y

o1(1) 2 A /Q 5(@)6(y) o1 (y) dy 2 ()

= Largest space for eigen-decomposition: L'(;§7)



Semigroup theories

S(t) : L*(Q) — L*(Q), S(t)[uo] = e Mt

Mg

ug, thW
1

IA T

defines a continuous non-expansive semigroup in LP(£2), 1 <p < oo:
> p =2 by formula, S(8)[uolll 2y < ¢ ol 2 (q
> p = 00 by submarkovian property, [S(t)[uo]] < S()lJuol] < o~ o)
> p =1 by duality, [, |S(®)[uo]] < [, [uo|S(t)[1] < [, |uol
» 1 < p < oo by Riesz—Thorin interpolation
S(t) extends to Cy semigroup in L'(Q,§7) via Hille Yosida:
> A=-G1:D(A)=G(LY(N,0)) = X = LY(Q,67)
» A closed, m =X
> |[(A =AY <1/A

IS®)uold™ M 110y S €™ u0d” [ 11 (e



Formal expansions
» Green’s kernel

Gz, y) = > N er(@)en(y)
k=1

» Green’s operator

» Heat kernel

» Heat semigroup

> Relations



One-sided Weyl’s law
Theorem (C.—Gémez-Castro—Véazquez, preprint)

A >k

» Classically, for L = —A, A\, = (¢ + 0(1))14:%; known for SFL, RFL but new for CFL
> “>7ig important for convergence in eigen-decompositions and existence of heat kernel

> Need Sobolev’s inequality C% ||uH < [ uLu (Bonforte-Sire-Vazquez, DCDS 2015)

Q)
Proof using Cheng-Li (CMH 1981) without existence of heat kernel.
u(t) = S(t)[uo] (later ug — 0, so u(t) — S(t,-,y)) satisfies

Sobolev 9
Oz, <205 O

Holder nt2s
S =20 Jult) i)

while /HU ||L2(Q dy — “ / S(t, x,y)* dx dy” —Ze_”‘kt>k; —2Axt
OxQ =1



Heat kernel: existence

Theorem (C.-G6émez-Castro—Vazquez, preprint)

Assume (Hy), (Hp), (Hs). Fort >0, z,y € Q, ¢ € 09,
> S(t): L?(Q) — 67C(Q), i.e. ultracontractive + boundary regularity
> S(t): M(Q,07) = L*(9Q)

> / S(t,x,y)de <1
Q

> 0< St z,y) <C{)o(x)"(y)7, i.e. intrinsic ultracontractive
> 0< D,S(t,¢,y) <C(t)oly)

Proof using Fernandez-Real-Ros-Oton (RACSAM 2016).

(oo}

<D e o

@ =

Weyl
Ok
< Z AN (ug, or)| < uoll2(q) -

5

Duality = S(t)[0,/0(y)"] € 67C(2), D,S(t)[5,/6(y)7] € C(01). Estimates by
concentration.



Heat kernel: estimates

Theorem (C.-Gémez-Castro—Véazquez, preprint)
Assume (Hy), (Hy), (H3). Fort >0, x,y € Q, ( € 99,

> 0<S(tz,y) Stes
> Ify <2s, then 0<S(t,z,y) <t =76x)0(y), 0<DySEtCy) <t F=70(y)
> Ast— +oo, S(t,z,y)=1+o01)e Mpi(x)oi(y), DyS(Et(y)=(1+o0(1)e o (y).

Enough for a theory, but far from optimal without extra hypotheses!

Proof using Davies’ book (1989): (log.) Sob. ineq. <= ultracontractive.

n

> Sob. wit Ol poe (@ S 7% @ = lul 2@y S5 lluollpa gy
> LQ(Q,(,DIZ dz), L= o1L(p; "), S(t, z,y) = % dual HLS = Sob., m



Heat kernel: a glance on sharp estimates
» SFL (v =1, s-independent) by Song (PTRF 2004)

n c(M)|z—y 2 5 6 T n T—y 2 5 5
N (1 A 7(:”1 (y)> <SStz y) St Fem S (1 A L‘l (y)> .

» CFL (7 = 2s — 1) by Chen-Kim-Song (PTRF 2009)
» RFL (v = s) by Chen-Kim-Song (JEMS 2010), Bogdan-Grzywny—Ryznar (AP 2010)

| n+2s
L ¥ v
T <1/\6(?)) <1A5(?)> , t<T,
S(t,z,y) < tas tas

|z =y
e M (x)5(y)7, t>T.

For large ¢t and v < 2s, our estimate

0 <S(t,a,y) StH A (87 8(@)8(y)")

is much worse than the sharp one for CFL/RFL:
S(t,z,y) =t A (t_":;27 5(x)75(y)7) .




Linear theory 1: semigroup

ug + Lu = f(t, ) forz e Q,te (0,7),
M7 u=h(t,¢) for ¢ € 0O, te(0,T),
u(t,z) =0 forx € Q¢ t € (0,T),
(0, z) = up(z) for x € Q,

» Solution operator u(t,x) = Huo, f, h](t, x)
» Linearity H[uo, f, h] = H[uo, 0, 0] + H[0, f, 0] + H][0,0, h]
» Caseug #0, f=0, h=0,

Hlug, 0,0](t,2) = S(1)[ug) () = /Q S(t, 2. y)uo(y) dy

> ug € LY(Q,07) = H[uo,0,0](t,-) € L'(Q,47).



Linear theory 2: Duhamel

us + Lu = f(t, ) forx e Q,t e (0,7),
MU u=n(t,¢) for (e, te(0,T),
u(t,z) =0 for x € Q¢, t € (0,7T),
u(0,2) = up(x) for z € Q,

> ug=0, f£0,h=0,
HI[O, £,0](t, x) /St—a da—//S —o,z,y)f(o,y) dy do.
> feLN0.T;LN(Q,67) = H[0, f,0)(t,-) € L'(2,67):
t
[ 0. 20Dl @) do < [ e [ o)) dy o
Q 0 Q
> e Lo((0.T) x Q) = H[0,8,0] € 5TL®((0,T) x Q), D, H[0,,0] € L=((0,T) x Q):

t
H[valvo] = (/ 6_A10d0—> ®1, H[O,d)i,O] < %
0 1

H[O, @1, 0]
Lo ((0,T)x)



Towards linear theory 3: review of elliptic problem
h # 0 7 Compare

Lv; = f; in Q, Lv=20 in Q,
M[1]7'v; =0 on 99, M[1]7'v =% on 99,
v; =0 in Q°. v=20 in Q°.
(@) = Gl = [ Glan)f ) do ) = M) = [ DG nc) art

Approximate singular boundary data from (narrow) tubular neighborhoods in interior:

o0 j v h(C 1(Q,67
_ 90y MO g PO s oo

Be=m=Tag <o <2l o

Limit taken via weak-dual formulation (Brezis, handwritten manuscript)

/Q vt = /Q fiGl], V¢ e TL*(Q) / vy = / hD,G[Y], V¢ € §7L>(Q)
Q a0
Let ¢ = G[tv] = integrating by parts

[ otiel= [ thle+ [ omutong



Linear theory 3: concentrating data towards boundary

h # 0 7 Compare

(uj)e + Luy = fi(t,2) in (0,7) x O, w+Lu=0 in (0,7) x 0,
M1 u; =0 in (0,7) x 09, M1 u=h(t,¢) in (0,T) x 0L,
uj =0 in (0,7) x Q°, u=0 in (0,T) x O,
u;(0,) = o in €. u(0,-) = uo in Q.
wi(t,z) = M0, f;,0](¢, ) u(t,z) = H[0,0,R](t, z)
] R

it
= D.S(t — h o, 1 I»I*l[ o
//St—o—xyfj(a J)dydo /U Q) Y ( 0'7C,y)l<ff C)(H(' ao

Approximate singular boundary data from (narrow) tubular neighborhoods in interior:

1092 X 11/5<5<2/53 h(C)
{1/ <d<2/5}| o7

Justify the guessed formula by weak-dual formulation and compactness 7

fi(¢ = dov) =

= H[0, f;,0] = H[0,0,h] asj— oo.



Linear theory 3: weak-dual formulation
» Weak formulation: integrate u; + Lu = f against ¢ on (0,7) x Q by parts,

u(T,x)p(T,x) dx u(t,z)(—pe(t,x) + Lo(t,z)) ded
/Q( Yo (T, ) +//(t J(—pe(t.) + Lip(t, ) dedt

/71(. Oxdac—i—//[/r txdxdt—&—//h/@ ,C)dH ”ldt.
o0

» Weak-dual: V¢ € 67L>((0,T) x ), put p(t,x) = H[0,¢,0/(T —t,z) € YL>®((0,T) x Q),

T
/ /u(t,w)¢(T—t,z)dmdt /uu JH[0, ¢, 0)(T, dac—i—/ /j (t,x) O|(T —t,z)dxdt
0o Jao

+ / / H(1C)DyHIO, 6,01(T — t,¢) dHE ™ dt.
0 o

T T T
> o= = / /IUIé”dxdtS/ \uolmdx+/ /\f\mdde/ / h|dHE dt.
0 Ja Q 0o Jo 0 Joq



Linear theory 3: compactness

T
/ /u(t,x)(b(T—t,x)dxdt /zm H[O0, ¢, 0|(T, x) dm—i—/ /ff x 0(T —t,x)dxdt
0 Ja

/ / h(t.C)DyH[0,6,01(T —t,¢) dHZ ™ dt, Vo € 6"L7((0,T) x Q).

> o= xa(®)p1, = Xjto,1,) (D)1 =

t1 T
/ /|H[0,f,0]|5”/dxdt§w(|t1—to\.,\A|)/ /\f\mdmdt.
to A 0 Q

> Equi-integrability of u; = H[0, f;,0] in L*(0,T; L*(£2,87)), provided 115071 21 0.7y x 2y < Co

)
» Dunford Pettis: {u;} weakly precompact, i.e. u; — u in L*(0,T; L'(©2,47))



Final formula

Theorem (C.-G6émez-Castro—Vazquez, preprint)
Assume (Hy), (Hg), (Hs), (Hy). Then
H: LN, 67) x L0, T; LY (Q,67)) x LY((0,T) % 09) — LY(0,T; L' (9, 67))

is continuous and
t ot 3
Hluo, £, h](t,) = S(t) uo)(x) + / S(t - o)[f(,))(w) do + / / D.S(t - 0, ¢, x)h(o, Q) dHZ ™ do,
0 JO JoQ
is the unique weak-dual solution of

up +Lu= f(t,z) forzeQ, te(0,T),
MU u=n(t.¢)  for (e 0, te(0,T),
u(t,z) =0 forz € Q¢ t e (0,T),
(0, ) = ug(2) forx € Q,

Proof. Split into positive/negative parts, approximate by smooth functions.



Time-independent interior data

> Let f(t,z) = f(x).

» G[/] is stationary solution with initial data ug = G[f] and interior data [

GUf1() = 3~ 3 on)en@)

X 1 — ekt
HID,£,0)(t.2) = 3~ (Frudin(o)

H[G[f],0,0] (¢, ) = Zi
k
= H[GIf. 1.0](t.x) = GIf)(x)

> #1[G[f],0,0] =S@®)[g[f] S0 =
» 70, f,0](t,x) and G[f](x) have same behavior near 0f2 for t > 0
» Range of exponents as in elliptic theory (Abatangelo-Gdémez-Castro—Vézquez, preprint)

HI0,6%,0](t, ) = G[6Y] = 62N for § ~ 0F, > —1—~(log. if @ =~ — 2s)



Time-independent boundary data

» Let h(t,z) = h(x).
» M]|h] is stationary solution with initial data uy = M[h] and boundary data h

(x) )\k </ Dyoi(C dH}™ 1) er(x)
H[o,o,h]w):Z 1*‘% ( / Dwk«)h(omz—l) or(2)

H[M(h],0,0](t,z f: - ( / Dyor(QR(C) dHE 1) on(x)

k=1
= H[MI[R],0,n](t,z) = M[h](z)

> H[M[h],0,0] = SH)[M[A]] £ 87 =

> M[]"'M[h|(t,z) = h(z) on 0D
> M[1]7*H[0,0,h](t,z) = h(x) on 6Q

» Recover prescribed boundary singularity



Convergence to elliptic problem

us + Lu = f(2) forz e Q,te (0,T),
L =
MU u=n(¢) for ¢ €00, te(0,T), 'A;L[l]_fl(ﬂﬁ)_ " ior :c : ,?;2
u(t,z) =0 forx € Q° t € (0,T), t—+oo u=h(C or ¢ € 01,
u(z) =0 for x € Q°.

u(0,x) = ug(x) for z € Q,
Theorem (C.-Goémez-Castro—Vazquez, preprint)
Assume (Hy), (Hy), (Hs), (Hy). If f(t,z) = f(z) € LY(Q,67) and h(t,() = h(() € L), then
Hluo, f, 2)(t,-) = G[f] + M[h] in LY(Q,87)  ast — +oo.

Proof.
By H[G[f], f,0] = G[f], H[M][R].0,h] = M][h],

Hluo, f, 1] = G[f] = MIh] = H[uo — G[f] = M[h],0,0] = S(t)[uo — G[f] — M[h]]

(S ()0 = GLf] = MBS [| gy S ¢ ([ (1o = GLFT = ML) 1 gy — O



Time-fractional problem

*0fu(t,x) + Lu(t,z) = f(t,z), xe€Q,te(0,T)
u(t,z) =0 reQ%t>0

(t.2) (Pe)
im = — (), Cednt>0
» Caputo derivative
(Opu) (T, )
C aa t
Oru 1 a) / (t—m7)

» Riemann—Liouville derivative

o 0 tu(r,x




Time-fractional ODE: motivation

> Eigendecomposition u(t, ) = 72 u;(t)p;(x),
Ofu+Lu=f = °0fu; +\u; =f;
» Laplace transform
L {Oaf‘w} (5) = s* L[w] — s 1w(0), ae (0,1).

L[Eo%w](s) zso‘ﬁ[w](s)—hlg(r]l [Bo¢~lw(n)],  ae€(0,1).

1

"ot u(t) = s | "w(E)(t— ) de.



Time-fractional ODE: solution

C aa
fu(t) + Au(t) = f(t), t>0,
“u(t) + Mu(t) = f(t) (ODE¢)
u(0) = up.
t
u(t) = ugEa(—At*) + / Po(t =73 A) f(7)dr.
0
{ Rogo(t) + Av(t) = g(t), t>0,
| i ODER)
1 Raa 1 h) = un. ( r
g O =
t
v(t) = volult; A) +/ Polt =73 M)g(7)dT.
0
where
> Eop(2) = %2, F(#k—f—ﬁ) is the (bounded) Mittag-Leffler function, E, = Eq 1

> Po(t; ) = 19 1By o (- M%) = at® L EL (= M?) = =3 £ B, (—Mt%).



Duality

1
—a)

[ et o) @ar= it [Tew [ - oyl asar
T T
_ r(11—a)/o u’(a)/g (t — o)~ p(t) dt do
_ /OT u(o) F(l__la)aaa (/UT(t—a)_OQp(t) dt) do

(Cop)*[e)(o)
T

P S <u(T) im [ (t— o) e(t)dt — u(0) /0 i) dt> .

F(l — a) =T~ Jo

Reverse time ¢(t) = ¢(T — t) so that, taking 7 =T — o

(Cop)lel(o) = (Fo2) [o)(r) = (Po3) [#)(T — o).



Resolvent families

{Cagu +Lu="f

u(0, ) = ug = u(t,x) = Sa(t)uo + /Ot Po(t —7)f(1)dr

Salt) = /0 T o(1)S(rtY) dr,  Palt) = at®! /O T B (1)S(71%) dr

where the Wright-type of Mainardi function

Bo(t) = i (=)
= ET( - a(k+1))

is bounded with power decay. For our class of L, the heat semigroup satisfies

1_1

» S., P, nonlinear in ¢, not semigroup
» Su(t) : LP — L7 only when 2%(% - %) <1

» P,(t) : LP — L7 only when 2%(% — %) < 9.



Work in progress

Theorem (C, Gémez-Castro, Vazquez, in progress)

For e € {C, R},
*0fu(t, ) + Lu(t,x) = f(t,z), x€Q,te(0,T)
u(t,z) =0 xeQt>0 (P.)
. u(t,x) *
pu— Q
i ) h(t,q), Ceo,t>0

has a unique boundary singular weak-dual solution for “nice data”



The end

Thank you very much!

Muchas gracias



