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Summary

Lu=(-A)’u— & -Vu—5u inR"

Comments:
> se(0,1).

» May reduce to radial solutions u(r), r = |z|

Objectives:
» Eigenvalue problem Lu = vu

» Regularity estimates for Lu = f

Joint work with H. Chan, M. Fontelos, J. Wei
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The fractional Laplacian (—A)*

» Infinitesimal generator of a Levy process

» Pseudo-differential operator, principal symbol |£ |25.
(=A)yf=g*f
» Singular integral formulation
(A (@) = CouPV. [ T e

gn |T —&[nT2s

» Nonlocal operator
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Nonlocal operator
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Extension viewpoint
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Fractional heat equation

Orp+ (—Ay)°e=0, 7>0,y€cR"

» Self-similar variables: 7 =logt, == -

t2s

atU"F(_A:B)S_ix'vu:Oa reR" >0

y

» Finite time blow-up: ¢t = —log(T — 7), x = T
(T—t)2s

Ou+ (—8y)° + 552-Vu=0, zeR"t>0

> Note: L* is the adjoint of L.
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Theorem 1

Theorem™
L has eigenvalues v = k, k € N, with eigenfunctions

28 (nEQS 7'23
— p s
'lUk;('I") =€ 4 Lk (T)

The eigenfunctions form a complete orthonormal basis.

* Up to a change of basis

Notes:
» Generalized Laguerre polynomials

& 1 —Q dk (1 -
Ll(c )(P) =P epdT)k(p e ?),

» Function spaces:

2 2
lw|l72 = / w*(r)e T r" " dr
w
0
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Local case s = 1 — Fourier transform

x n _ v
—Au—5-Vu—35=3zu

» Fourier transform in R": (= [¢], & = ¢(()
¢*¢ + 5o = 5¢

» Solution of the ODE: ¢(¢) = C”e‘CQ

» Exponential decay for v as r — co <  smoothness at
the origin ( = 0 for ¢
> v=2k keZ

» Inverse Fourier (dim=1)

(S

” 2

u(r) = Dy(e™T) = e~ T Hy(r)

» Rodrigues formula
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Mellin transform of u = u(r)

» Definition

» Usually, z=Xi, AeR
Equivalent to Fourier transform in the variable ¢t = —logr:
Mu(Xi) = [5° r¥u(r) % = [pe Mu(e ) dt

» Mellin inversion formula

v

1
u(r) = 3 ;—:Z;O r* Mu(z) dz
> Plancherel identity
Ju | Mu(Z + 202 dh = [5° fu(r) 2t dr

» Function spaces
n NP
lull3s = fe(1+ AP [Mu( + X)|” dx
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Mellin symbol of the fractional Laplacian

Proposition

M{(=A)’u}(z) = O4(z) Mu(z — 2s)
for the symbol

P(5)r(“5=2)

(I ()

O,(z) = 2%

» New proof: Hankel4+Mellin
» Cylindrical metric
g= W = dt® + db? (change r = e™)
» Conformal fractional Laplacian on the cylinder
FPsu(z) = O4(z) Fu(z)
» Conformal law
Psv = r%zs(—A)s (7"_%225 v)
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Back to the eigenvalue problem

(—A)°u — 5.0,u — 5u = vu

» Take Mellin transform
O,(z) Mu(z — 2s) = (v + %2) Mu(z)
> Change V() = 2~ Z%Mu( )
V(z—2s)=V(z)
» Solution is V(z) = e“t 1e

» The “eigenfunction” is

N ZF(%)F(V+%)
Mu,(z) =2 e

Proposition

Under Fourier transform, Fu,(¢) = ¢ e
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Choosing the function space

The “eigenfunction” is

Muy (2) = 2% = Ay ()W, (2),
2

where () )

z 2 -Z (55 :

As(z):=2 NE 2)2 NES) — change of basis

and

z T V+7'L—Z I Z T25 n—2s s
W,/(Z) — 435 ( F(er_)z)(%) N wk(r) — e L; s )<ri)

2s

Lemma

{wg }x is a complete o.n. basis for the scalar product

_r2s

(w,w') = [T w(r)w(r)e” T r"tdr
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Prove v =k, k € N

Theorem
If v + 5= is not a non-positive integer, then
T(v+as .12
’LUV(T> =2s S_‘(%2))M (V + %7 2"_5’ _TT)
L_U_iJ B 4 2s _U_QL_
+2s Y WECEDTG 414w+ 2+ 057 (’"4
=0
Moreover, w, € L2 iff v € N. In fact, as r — +o0,
TQS 2s k
wk(r)we_ 1 <—T4 ) for v=keN,
2s _V_QLLS
wy (1) ~ <T4 ) for v¢N
v
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The change of basis

» Recall A4(z):=27 F,(Ez 275 F(,fz?z — change of basis
F(T) r 25)

» Define the convolution

8

Bow(r) = % w(r) = /0 pa(Zyw(r’) 2

Lemma J

ﬂ
X P A
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Regularity, s € (0, 1)

(—A)Su—i-%x'vu:f’ u=u(7“)

Theorem 2
Given f satisfying the compatibility condition

Jgn f( x)dx =0,

then there exists a solution u satisfying

[ull ro+as < CI|f || s

Remark:

es(z) = ;% fRn e~izE1€l* d€ ~
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Proof via Fourier

(-A*u+5z-Vu=f inR"

» Fourier transform
€*a—gu—g¢ Vi=f,  ¢eR"
» Radial variables U(C) =w((), ¢ = [¢]
(25¢% —n)v — (v’ = 2sh, for ¢ € (0,00)
» ODE
(C”e*@Sv)/ = —QShC"*Ie*CQ‘S
» Explicit solution

o(€) = —25¢ e / h(o)e" e do

2s
=2s(" /h(e)g” le™?" do.
0

v

Estimate lull grorzs—e < C| fllgs
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Proof

v

Mellin transform
> Magic change
» Riemann-Hilbert problem
V(A) = V(A—2si) = F(\)
» Conformal mapping n = e™/*
W (n+ 0i) — W(n — 0i) = G(n)
» Cauchy formula

W(n) — 1 000 G(n') dﬁ’

T 2w n—n’
» Fredholm condition
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Regularity via Mellin
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Future work

> Add a critical Hardy potential
Lyou=(-A)u— £ -Vu— %u—i—ﬁ in R"

2s

» To construct type II singularities for the fractional heat
equation (Herrero-Veldzquez)
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Thank you!!
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