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Introduction

The Cauchy-Dirichlet problem of NFDE
ut = −L[um] in (0,T)× Ω,

u(0, x) = u0 in Ω,

u(t, x) ≡ 0 on the lateral boundary.
(NFDE)

■ L is a nonlocal linear operator

■ m ∈ (0, 1) Fast Diffusion range

■ Ω ⊂ RN bounded and C2,α

■ Nonnegative solutions u ≥ 0
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Introduction

The Cauchy-Dirichlet problem of NFDE
ut = −L[um] in (0,T)× Ω,

u(0, x) = u0 in Ω,

u(t, x) ≡ 0 on the lateral boundary.
(NFDE)

■ L is a nonlocal linear operator

■ m ∈ (0, 1) Fast Diffusion range

■ Ω ⊂ RN bounded and C2,α

■ Nonnegative solutions u ≥ 0

Recall: m = 1 Heat Eq.
m > 1 PME
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Introduction

The Cauchy-Dirichlet problem of NFDE
ut = −L[um] in (0,T)× Ω,

u0 ≥ 0 in Ω,

u(t, x) ≡ 0 on the lateral boundary.
(NFDE)

■ L is a nonlocal linear operator

■ m ∈ (0, 1) Fast Diffusion range

■ Ω ⊂ RN bounded and C2,α

■ Nonnegative solutions u ≥ 0
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Reminder about the fractional Laplacian on RN

s ∈ (0, 1)We have several equivalent definitions of (−∆RN )s:

■ Using Fourier Transform:

((−∆RN )sf )̂ (ξ) = |ξ|2s f̂ (ξ)

■ As a Hypersingular kernel:

(−∆RN )sf (x) = cN,s P.V.
∫
RN

f (x)− f (y)
|x − y|N+2s dy

where cN,s is a normalization constant.

■ Spectral definition, in terms of the heat semigroup associated to −∆RN :

(−∆RN )sf (x) =
1

Γ(−s)

∫ ∞

0
(et∆RN f (x)− f (x))

dt
t1+s
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Fractional Laplacians on bounded domains

■ Restricted Fractional Laplacian: for functions with f ≡ 0 in RN \ Ω,

(−∆|Ω)
sf (x) := cN,s P.V.

∫
RN

f (x)− f (y)
|x − y|N+2s dy γ = s

■ Spectral Fractional Laplacian: let (λj,Φj) be the spectrum of (−∆Ω),

(−∆Ω)
sf (x) :=

∞∑
j=1

λs
j f̂j Φj(x) γ = 1

■ Censored Fractional Laplacian: [Bogdan 2003]

Lf (x) := P.V.
∫
Ω

f (x)− f (y)
|x − y|N+2s dy with

1
2
< s < 1 γ = 2s − 1

Remark: All operators has an inverse and discrete spectrum (λi,Φi)i≥1 s.t.

L−1f (x) =
∫
Ω

GΩ(x, y)f (y) dy & Φ1(x) ≍ dist(x, ∂Ω)γ
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Assumptions on the operator L

L is linear and sub-Markovian. Moreover, the inverse operator is of the form

L−1u(x) :=
∫
Ω

GΩ(x, y)u(y) dy

with GΩ satisfying one of the followings

0 ≤ GΩ(x, y) ≤ c1,Ω

|x−y|N−2s(G1)

c0,ΩΦ1(x)Φ1(y) ≤ GΩ(x, y) ≤ c1,Ω

|x−y|N−2s

(
Φ1(x)
|x−y|γ ∧ 1

)(
Φ1(y)
|x−y|γ ∧ 1

)
(G2)

WHY? This generates proper Hilbert Spaces

• H(Ω) =

{
v ∈ L2(Ω) :

∫
Ω

vLv dx < +∞
}

with ⟨u, v⟩H(Ω) =

∫
Ω

uLv dx

• H∗(Ω) the Dual space of H(Ω) with ⟨u, v⟩H∗(Ω) =

∫
Ω

uL−1v dx
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Questions about ut = −L[um]

■ Do solutions exist? Are they unique?

Gradient Flow in H∗(Ω)

H∗(Ω)

u0

u(t)

Weak Dual Solution in L1
Φ1
(Ω)∫

uL−1φt =
∫

umφ

φ test function

■ Are solutions bounded? Smoothing effects

u0 ∈ Lp(Ω)

u0 ∈ Lp
Φ1
(Ω)

u0 ∈ H∗(Ω)

 −→ u(t) ∈ L∞(Ω) for every t > 0

■ How is the asymptotic behaviour?

∃T < +∞ s.t. u(T) ≡ 0 & ∥u(t, ·)∥ ≍ (T − t)
1

1−m
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(Ω)∫
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u0 ∈ Lp(Ω)

u0 ∈ Lp
Φ1
(Ω)

u0 ∈ H∗(Ω)

 −→ u(t) ∈ L∞(Ω) for every t > 0

■ How is the asymptotic behaviour? Extinction time and Sharp decay
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Existence & Uniqueness
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E convex and l.s.c. energy functional on H∗(Ω)

E(u) = 1
1 + m

∫
Ω

|u|1+m dx m ∈ (0, 1)

H∗(Ω)

u0

u(t)

E↘

Theorem [Brezis-Komura 1967]

Given u0 ∈ H∗(Ω), there exists only one Absolute Continuous Curve u(t) in
H∗(Ω) which minimizes the energy E along the flow.

Gradient Flow Solution
Let u ∈ AC((0,T) :H∗(Ω)) and ∂E [u] be the subdifferential E(u) in H∗(Ω).
Then, u is a GF solution if

−ut(t) ∈ ∂E [u(t)] for a.e. t ∈ (0,T)

Hence, ∫
Ω

utL−1φ dx = −
∫
Ω

umφ dx ∀φ ∈ H∗(Ω)
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−ut(t) ∈ ∂E [u(t)] for a.e. t ∈ (0,T)

Hence, ∫
Ω

utL−1φ dx = −
∫
Ω

umφ dx ∀φ ∈ H∗(Ω)
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E convex and l.s.c. energy functional on H∗(Ω)

E(u) = 1
1 + m

∫
Ω

|u|1+m dx m ∈ (0, 1)

H∗(Ω)

u0

u(t)

E↘

Theorem [Brezis-Komura 1967]

Given u0 ∈ H∗(Ω), there exists only one Absolute Continuous Curve u(t) in
H∗(Ω) which minimizes the energy E along the flow.

Gradient Flow Solution
Let u ∈ AC((0,T) :H∗(Ω)) and ∂E [u] be the subdifferential E(u) in H∗(Ω).
Then, u is a GF solution if

−ut(t) ∈ ∂E [u(t)] for a.e. t ∈ (0,T)

Hence,∫ T

0

∫
Ω

uL−1ψt dx dt =
∫ T

0

∫
Ω

umψ dx dt ∀ψ ∈ C1
c((0,T) : H∗(Ω))
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More general nonnegative solutions of the Dual Formulation [Pierre-Vázquez]

L−1ut = −um

in the space

L1
Φ1
(Ω) :=

{
f ∈ L1

loc(Ω) :

∫
Ω

|f |Φ1 dx < +∞
}

Remark: if u ≥ 0 then

∥u∥L1
Φ1

≤ λ
1/2
1 ∥u∥H∗ implies H∗

+(Ω) ⊂ L1
Φ1
(Ω)

■ Weak Dual Solution [M. Bonforte, J.L. Vázquez]

Let u ∈ C((0,T) : L1
Φ1
(Ω))∫ T

0

∫
Ω

uL−1φt dx dt =
∫ T

0

∫
Ω

umφ dx dt ∀ φ
Φ1

∈ C1
c((0,T) : L∞(Ω))

with u(t) t→0+−→ u0 in L1
Φ1
(Ω)
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Existence & Uniqueness in H∗

If u0 ∈ H∗(Ω), then ∃! u GF solution with u(t) t→0+−→ u0 in H∗(Ω).
Moreover, T-contraction estimate holds

∥(u(t)− v(t))±∥H∗ ≤ ∥(u0 − v0)±∥H∗ ∀t ≥ 0

Proof. Brezis-Komura Theorem

Existence & Uniqueness in L1
Φ1

If 0 ≤ u0 ∈ L1
Φ1
(Ω), then ∃! u minimal WDS with u(t) t→0+−→ u0 in L1

Φ1
(Ω).

Moreover, T-contraction estimate holds

∥(u(t)− v(t))±∥L1
Φ1

≤ ∥(u0 − v0)±∥L1
Φ1

∀t ≥ 0

Proof. Approximation by GF with u0,n = min{u0, n} ∈ L∞(Ω)⊂H∗(Ω)
+ A priori estimates
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Smoothing Effects

■ For which u0 do we have bounded solutions u(t)?

ms =
N − 2s
N + 2s

mc =
N − 2s

N
pc =

N(1 − m)

2s

0 1 mms mc

Lp → L∞ L1+m → L∞ L1 → L∞

H∗ → L∞

p > pc > 1 + m 1 + m > pc > 1 1 > pc > 0

Very Fast Diffusion Good FDE

Heat Eq.

PME

︸ ︷︷ ︸
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Lp − L∞ Smoothing effect

Let N > 2s and assume (G1). Let u be a nonnegative WDS with u0 ∈ Lp(Ω)

and p admissible. Then, for every t > 0

∥u(t)∥∞ ≤ κ
∥u0∥2spϑp

p

tNϑp
with ϑp =

1
2sp−N(1−m)

0

p

1 m

pc =
N(1 − m)

2s

mc =
N − 2s

N

ms =
N − 2s
N + 2s

pc

N
2s -

-1

ms mc

Lp → L∞
L1+m → L∞

L1 → L∞

The Green line in the (m, p)−plane
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and p admissible. Then, for every t > 0

∥u(t)∥∞ ≤ κ
∥u0∥2spϑp
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with ϑp =

1
2sp−N(1−m)

0

p

1 m

pc =
N(1 − m)

2s

mc =
N − 2s

N

ms =
N − 2s
N + 2s

pc

N
2s -

-1

ms mc

Lp → L∞
L1+m → L∞

L1 → L∞

The Green line in the (m, p)−plane
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Lp
Φ1

− L∞ Smoothing effect

Let N > 2s > γ and assume (G2). Let u be a nonnegative WDS with
u0 ∈ Lp

Φ1
(Ω) and p admissible. Then, for every t > 0

∥u(t)∥∞ ≤ κ
∥u0∥(2s−γ)pϑp,γ

Lp
Φ1

tNϑp,γ
with ϑp,γ = 1

(2s−γ)p−N(1−m)

0

p

1 m

pc,γ

N
2s−γ-

-1

mc,γ

Lp
Φ1

→ L∞
L1
Φ1

→ L∞pc,γ =
N(1 − m)

2s − γ

mc,γ =
N + γ − 2s

N

The Weighted Green line in the (m, p)−plane
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Moser VS Green

Proof of Smoothing effects

Moser iteration VS Green Function method
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Moser VS Green

Nonlinear Moser Iteration I. Main Ingredients [de Pablo, Quirós, Rodrı́guez, Vázquez’12]

■ GNS inequalities: the following Sobolev-type ineq. holds

∥u∥2
2∗ ≤ S2

L ∥L 1
2 u∥2

2 = S2
L

∫
Ω

uLu dx with 2∗ = 2N
N−2s

Interpolate to get a family of GNS inequalities: let p > q > 0 and
2q

q + m − 1
≤ 2∗ and some θ ∈ (0, 1)

so that

∥u∥ 2q
q+m−1

≤ ∥u∥θ2∗ ∥u∥1−θ
2p

q+m−1
≤ Sθ

L ∥L 1
2 u∥θ2 ∥u∥1−θ

2p
q+m−1

(GNS)

■ Stroock-Varopoulos inequality: there exists a constant cm,q > 0∫
Ω

uq−1Lum dx ≥ cm,q

∫
Ω

u
q+m−1

2 Lu
q+m−1

2 dx = cm,q

∥∥∥L 1
2 u

q+m−1
2

∥∥∥2

2

Combining the two above inequalities, one gets∫
Ω

uq−1Lum dx ≥ cm,q

∥∥∥L 1
2 u

q+m−1
2

∥∥∥2

2
≥ cm,qS−2

L
∥u∥

q+m−1
2θ

q

∥u∥
1−θ
θ

q+m−1
2

p

(M1)
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Moser VS Green

Nonlinear Moser Iteration II. Lp − Lq Smoothing Effects.

We shall prove first:

∥u(t)∥q ≤ κp,q
∥u(t0)∥

pϑp
qϑq
p

(t − t0)
N(q−p)

q ϑp
, with ϑr =

1
2sr + N(1 − m)

(1)

The proof is formally simple:

d
dt

∫
Ω

uq(t) dx = q
∫
Ω

uq−1∂tu dx = −q
∫
Ω

uq−1Lum dx ≤ 0

(M1) −→ ≤ −S−2
L

4q(q − 1)m
(q + m − 1)2

∥u(t)∥
q+m−1

2θ
q

∥u(t0)∥
1−θ
θ

q+m−1
2

p

Then, integrate the differential inequality to get (1).
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2

p

Then, integrate the differential inequality to get (1).
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Nonlinear Moser Iteration III. Lp − L∞ Smoothing Effects.

Rewrite (1) for each k ≥ 1 with pk = 2kp and tk such that tk − tk−1 = t
2k ,

∥u(tk)∥pk ≤ I
N(pk−pk−1)

pk
ϑk−1

k ∥u(tk−1)∥
pk−1 ϑk−1

pk ϑk
pk−1

Ik ∼ pk
tk−tk−1

∼ 4k

where ϑk := ϑpk = (2spk − N(1 − m))−1. Then, we iterate

∥u(tk)∥pk ≤ I
N(pk−pk−1)

pk
ϑk−1

k ∥u(tk−1)∥
pk−1 ϑk−1

pk ϑk
pk−1

≤ I
N(pk−pk−1)

pk
ϑk−1

k I
N(pk−1−pk−2)

��pk−1
ϑk−2��

pk−1ϑk−1
pkϑk

k−1 ∥u(tk−2)∥
pk−2ϑk−2

��pk−1��ϑk−1
��pk−1��ϑk−1

pk ϑk
pk−2

...

≤
k∏

j=1

I
N(pj−pj−1)

pk

ϑjϑj−1
ϑk

j ∥u0∥
p ϑp
pkϑk
p ≤

 k∏
j=1

(
4j c

t

) N(ϑj−1−ϑj)
2s


1

pkϑk

∥u0∥
p ϑp
pkϑk
p .

Finally, letting k → ∞

∥u(t)∥∞ ≤ lim
k→∞

∥u(tk)∥pk ≤ κ
∥u0∥

2sp ϑp
p

tNϑp
.
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Green Function method I. Main Ingredients.

Recall:
L−1u(x0) =

∫
Ω

u(x)GΩ(x0, x) dx

Assumptions:

0 ≤ GΩ(x, y) ≤ c1,Ω

|x−y|N−2s(G1)

c0,ΩΦ1(x)Φ1(y) ≤ GΩ(x, y) ≤ c1,Ω

|x−y|N−2s

(
Φ1(x)
|x−y|γ ∧ 1

)(
Φ1(y)
|x−y|γ ∧ 1

)
(G2)

1

Benilan-Crandall Time Monotonicity estimate

ut ≤
u

(1 − m)t
in distributional sense,

which is the weak version of

t 7→ t−
1

1−m u(t, x) is non-increasing for a.e. x

Proof. Time-scailing + Comparison



logouam

Introduction Existence & Uniqueness Smoothing effects Extinction

Moser VS Green

Green Function method I. Main Ingredients.

Recall:
L−1u(x0) =

∫
Ω

u(x)GΩ(x0, x) dx

Assumptions:

0 ≤ GΩ(x, y) ≤ c1,Ω

|x−y|N−2s(G1)

c0,ΩΦ1(x)Φ1(y) ≤ GΩ(x, y) ≤ c1,Ω

|x−y|N−2s

(
Φ1(x)
|x−y|γ ∧ 1

)(
Φ1(y)
|x−y|γ ∧ 1

)
(G2)

1

Benilan-Crandall Time Monotonicity estimate

ut ≤
u

(1 − m)t
in distributional sense,

which is the weak version of

t 7→ t−
1

1−m u(t, x) is non-increasing for a.e. x

Proof. Time-scailing + Comparison



logouam

Introduction Existence & Uniqueness Smoothing effects Extinction

Moser VS Green

Green Function method II. “Almost” representation formula.

“Almost” representation formula [M. Bonforte, J.L. Vázquez 2015]

For all x0 ∈ Ω and 0 < t0 < t1, it holds that

um(t1, x0)

t
m

1−m
1

≤ 1
1 − m

∫
Ω

u(t0, x)− u(t1, x)

t
1

1−m
1 − t

1
1−m
0

GΩ(x0, x) dx ≤ um(t0, x0)

t
m

1−m
0

Proof. Choose φ(t, x) := χ[t0,t1](t)δx0(x) in the Weak Dual formulation:∫ T

0

∫
Ω

uL−1φt dx dt =
∫ T

0

∫
Ω

umφ dx dt

to obtain ∫
Ω

(
u(t0, x)− u(t1, x))

)
GΩ(x0, x) dx =

∫ t1

t0
um(t, x0) dt

Then, use time monotonicity,
(

t
t1

) 1
1−m

u(t1) ≤ u(t) ≤ u(t0)
(

t
t0

) 1
1−m

, so that

um(t1, x0)

t
m

m−1
1

≤
∫ t1

t0
um(t, x0) dt

(1 − m)

(
t

1
1−m
1 − t

1
1−m
0

) ≤ um(t0, x0)

t
m

1−m
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Green Function method III. Basic analytical tools.
We take t0 = 0 in the “almost” representation formula to get

um(t1, x0) ≤
c
t1

∫
Ω

(u0(x)−����u(t1, x)
≥0

)GΩ(x0, x) dx

■ STEP 1. For any p > N
2s and p′ < N

N−2s we have by Hölder

um(t1, x0) ≤
c
t1
∥u0∥p∥GΩ(x0, ·)∥p′ <

cp′,Ω

t1
∥u0∥p

Lemma [M. Bonforte, A. Figalli, J.L. Vázquez 2018]

(G1) ⇒ sup
x0∈Ω

∥GΩ(x0, ·)∥p′ < cp′,Ω only if p′ <
N

N − 2s

But we want the sharp exponents for any p > pc =
N(1−m)

2s !!
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We take t0 = 0 in the “almost” representation formula to get

um(t1, x0) ≤
c
t1

∫
Ω

(u0(x)−����u(t1, x)
≥0

)GΩ(x0, x) dx

■ STEP 2. Let p>pc: Use (G1) and split the integral in BR(x0) and Ω \ BR(x0)

um(t1, x0) ≤
c
t1

∫
BR(x0)

u0(x)
|x0 − x|N−2s dx +

c
t1

∫
Ω\BR(x0)

u0(x)
|x0 − x|N−2s dx

Estimating both sides we get for ε ∈ (0,m)

um(t1, x0) ≲

[
∥u0∥1−m+ε

p

t1

1

R
2sp−N(1−m+ε)

p

] m
ε

+
∥u0∥p

t1

1

R
N
p +2s

Finally, optimizing in R and taking supremum in x0 ∈ Ω we conclude that

∥u(t1)∥m
∞ ≤ 2

(
κ
∥u0∥

2spϑp
p

tNϑp
1

)m



logouam

Introduction Existence & Uniqueness Smoothing effects Extinction

Moser VS Green

Green Function method III. Basic analytical tools.
We take t0 = 0 in the “almost” representation formula to get

um(t1, x0) ≤
c
t1

∫
Ω

(u0(x)−����u(t1, x)
≥0

)GΩ(x0, x) dx

■ STEP 2. Let p>pc: Use (G1) and split the integral in BR(x0) and Ω \ BR(x0)

um(t1, x0) ≤
c
t1

∫
BR(x0)

u0(x)
|x0 − x|N−2s dx +

c
t1

∫
Ω\BR(x0)
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R
N
p +2s
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κ
∥u0∥

2spϑp
p

tNϑp
1

)m
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Moser VS Green
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Consequences of a priori estimates

■ Boundary Behaviour: “Almost” representation formula + Smoothings
implies ∥∥∥∥um(t)

Φ1

∥∥∥∥
∞

≤ κ
∥u0∥

2spϑp
p

t1+Nϑp
∀t > 0

and the analogous result with weighted norms.

■ Strong solutions: Boundary behaviour + Smoothings implies

∥∂tu(t)∥L1
Φ1

≤
2∥u0∥L1

Φ1

(1 − m)t
∀t > 0

and the equation is satisfies a.e.

■ Extinction time and Sharp decay:

∃T > 0 s.t. u ≡ 0 & ∥u(t)∥ ≍ (T − t)
1

1−m
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Extinction and Sharp Decay
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Solutions vanish in finite time!!
■ Energy method: Let us derive the energy and use Sobolev-type inequality

d
dt

(
1

1+m

∫
Ω

u1+m(t) dx
)

=

∫
Ω

umut dx = −
∫
Ω

umLum dx = −∥um∥2
H(Ω)

≤ −S2
L∥u∥2m

1+m = −S2
L

(∫
Ω

u1+m(t) dx
)1−ε

with ε = 1−m
1+m . Then, we integrate on [0, t] to obtain

∥u(t)∥1−m
1+m ≤ ∥u0∥1−m

1+m − cm t ⇒ ∃T > 0 s.t. ∥u(T)∥1+m = 0

Now, if we integrate on [t,T] we have

�����∥u(T)∥1−m
1+m − ∥u(t)∥1−m

1+m ≤ −cm(T − t)⇒ cm(T−t)
1

1−m ≤ ∥u(t)∥1+m

■ Other norms: similar argument for H∗, Lp and Lp
Φ1

norms
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■ Nonlinear Rayleigh Quotients [Berryman-Holland 1980]: Consider the
following quotient

Q[u] :=
∥um∥2

H(Ω)

∥u∥2m
1+m

=

∫
Ω

umLum(∫
Ω

u1+m dx
) 2m

1+m

which is monotone along the solutions, that is,

Q[u(t)] ≤ Q[u0] ∀t > 0

■ Derive the Energy:

d
dt

(
1

1+m

∫
Ω

u1+m(t) dx
)

=

∫
Ω

umut dx = −
∫
Ω

umLum dx

= −Q[u(t)]
(∫

Ω

u1+m dx
) 2m

1+m

≥ −Q[u0]

(∫
Ω

u1+m(t) dx
)1−ε

with ε = 1−m
1+m . Then, integrate on [t,T] to get

∥u(t)∥1−m
1+m ≤ (1 − m)Q[u0](T − t)
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Sharp extinction rate

■ L1+m sharp decay: Combining previous estimates we have

cm,S(T − t)
1

1−m ≤ ∥u(t)∥1+m ≤ cm,u0(T − t)
1

1−m

■ H∗ sharp decay: Using the “Dual” Nonlinear Rayleigh Quotient we get

c∗(T − t)
1

1−m ≤ ∥u(t)∥H∗(Ω) ≤ c∗,u0(T − t)
1

1−m
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Thank You!!

M. Bonforte, PI, M. Ispizua - “The Cauchy-Dirichlet Problem for Singular Nonlocal
Diffusions on Bounded Domains” https://arxiv.org/abs/2203.12545

https://arxiv.org/abs/2203.12545
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