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The Cauchy-Dirichlet problem of NFDE

uy = —L[u™] in (0,7) x Q,

u(0,x) = ug in Q, (NFDE)
u(t,x) =0 on the lateral boundary.
B L is a nonlocal linear operator Examples
Fractional Laplacians:
L = (—Ag)*

General Nonlocal operators:
L= (—A)%+ (—Ag)?,
L= (-Aq)+b-V,

L= (c/"—Ag) —c
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Introduction

The Cauchy-Dirichlet problem of NFDE

u, = —L[u™] in (0,7T) x Q,
uy >0 in Q, (NFDE)
u(t,x) =0 on the lateral boundary.

B L is a nonlocal linear operator
B m e (0,1) Fast Diffusion range
®m Q C R bounded and C>*

B Nonnegative solutions u > 0
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Reminder about the fractional Laplacian on RV
We have several equivalent definitions of (—Agw)*: s € (0,1)

B Using Fourier Transform:
((=Ar)'f) (€) = € F(€)

B As a Hypersingular kernel:

fx) =)

(—ARN)Sf()C) = CN,s PV |N+2s

RN X —y

where ¢y, is a normalization constant.

B Spectral definition, in terms of the heat semigroup associated to —Agw:

1 dt

(-8 10) = s [ @00 1)
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B Restricted Fractional Laplacian: for functions with f = 0in RV \ €,
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B Restricted Fractional Laplacian: for functions with f = 0in RV \ €,

1) =10)

(AW = av B, [ FEE

B Spectral Fractional Laplacian: let (\;, ®;) be the spectrum of (—Ag),
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Fractional Laplacians on bounded domains

B Restricted Fractional Laplacian: for functions with f = 0in RV \ €,

fx) —f ()
Ty ®

B Spectral Fractional Laplacian: let (\;, ®;) be the spectrum of (—Ag),

(~Barfis = 2N

(—A0)*f(x) :=cns PV.

B Censored Fractional Laplacian: [Bogdan 2003]
. f) —f) o1
Lf(x) :=P.V. Ty dy with 3 <s<1

Remark: All operators has an inverse and discrete spectrum (;, ®;);> s.t.

= /Q Gole () dy &  @y(x) = dist(x, 00)7
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Assumptions on the operator £

L is linear and sub-Markovian. Moreover, the inverse operator is of the form
£ = [ Galnyul) o

with Gg, satisfying one of the followings

c,0

(G1) 0 < Galx,y) < ==

(62 o0 (R)P1() < Galey) < i (R A1) (29 A1)

WHY? Operator generates proper Hilbert Spaces
e HQ) = {v e L*(0): / vLydx < —I-OO} with (u,v)pq) = / ulvdx
Q Q

e H*(Q) the Dual space of H(Q2) with (u,v)y-(q) :/uﬁ_lvdx
Q
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Questions about U; = —,C[l/lm]

B Do solutions exist? Are they unique?
Gradient Flow in H*(§2) Weak Dual Solution in L§, (£2)
H*(Q) u(t)

— — Jul=o, = [ume
u.o  test function

B Are solutions bounded? Smoothing effects
Uy € LP(Q)
up € Ly () » — u(r) € L>°(Q) forevery >0
uy € H* (Q)

B How is the asymptotic behaviour? Extinction time and Sharp decay

I <+oo st w(T)=0 &  |u(t, )| = (T—0™=
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Theorem [Brezis-Komura 1967]

Given uy € H*(2), there exists only one Absolute Continuous Curve «(¢) in
H*(§2) which minimizes the energy £ along the flow.
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Theorem [Brezis-Komura 1967]

Given uy € H*(2), there exists only one Absolute Continuous Curve «(¢) in
H*(§2) which minimizes the energy £ along the flow.

Gradient Flow Solution

Letu € AC((0,T):H*(92)) and O€[u] be the subdifferential £(u) in H*(2).
Then, u is a GF solution if

—u,(t) € O u(1)] forae. t€(0,7)
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€ convex and L.s.c. energy functional on H*(£2)

H*(Q) u(t)
m (\J
o= [ac meon L E

Theorem [Brezis-Komura 1967]

Given uy € H*(2), there exists only one Absolute Continuous Curve «(¢) in
H*(§2) which minimizes the energy £ along the flow.

Gradient Flow Solution

Letu € AC((0,T):H*(Q2)) and O€[u] be the subdifferential £(u) in H*(2).
Then, u is a GF solution if

—u,(t) € OEu(1)] forae. t€(0,7)

Hence,

/OT/Quﬁ_lwldxdt:/oT/Q“mzpdxdt i € CH((0,T) : H*(Q))
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More general nonnegative solutions of the Dual Formulation [Pierre-Vizquez]

L7 = —u™

in the space
(@)= { € (@) s [ irmax < +o0
Q
Remark: if u > 0 then
1/2 N .
lally, <X ulla- implies  H3(Q) € L, ()
B Weak Dual Solution [M. Bonforte, J.L. Vazquez]

Letu € C((0,7) : Ly, ()

1

T T
/ /uﬁ_lgotdxdt:/ /umgodxdt V2 e (0, T) : L¥(Q))
0 Q 0 Q o

+
with u(t) =% ug in Ly, (Q)
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Existence & Uniqueness in H*

+
If uy € H*(92), then 3 u GF solution with u(t) =% ug in H* ().
Moreover, T-contraction estimate holds

() = v(O))xlle= < [I(u0 = vo) - Vi =0

Proof. Brezis-Komura Theorem

Existence & Uniqueness in L,

=
If0 < uy € Ly, (Q), then 3! u minimal WDS with u(r) 2%y in L} ().
Moreover, T-contraction estimate holds

1(u(e) = v(0) s, < [I(o —vo)lley, vt >0

Proof. Approximation by GF with ug , = min{ug,n} € L>(Q2) CH*(Q)
-+ A priori estimates
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m For which u, do we have bounded solutions u(t)?

In_N—2s In_N—2s
ST N+2s ‘" N
[ 1 1 \
1 I I 1 4
0 my m 1 m

Very Fast Diffusion Good FDE
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m For which u, do we have bounded solutions u(t)?

m. — N —2s m. — N —2s
T N+2s ‘¢ N
1 ] ] N
1 1 1 1 ?
0 mg m, 1 m
Very Fast Diffusion Good FDE

Heat Eq.
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m For which u, do we have bounded solutions u(t)?

me — N —2s m. — N —2s
T N+2s ‘¢ N
1 ] ] N
1 1 1 1 ?
0 mg me 1 m
Very Fast Diffusion Good FDE PME

Heat Eq.



Smoothing effects

@00

Smoothing Effects

m For which u, do we have bounded solutions u(t)?

me — N —2s m. — N —2s
* T N+2s ‘N
H* — L=
1 ] ] N
| I I | ?
0 my m 1 m
Very Fast Diffusion Good FDE PME

Heat Eq.
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m For which u, do we have bounded solutions u(t)?

m_N—2s In_N—2s _ N —m)

S_N—I—ZS c — N Pc = 2

| H* — L™ |

P | Do || Do |

p>pe>1+m L+m>p.>1 1>p.>0

1 ] ] 1 N
1 1 1 1 ?
0 my m 1 m
Very Fast Diffusion Good FDE PME

Heat Eq.
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L7 — L*° Smoothing effect

Let N > 2s and assume (G1). Let u be a nonnegative WDS with u € L?(12)
and p admissible. Then, for every # > 0

2spV)
o) oo <7 WO g 1
u o XK NG, wid P~ 2sp—N(1—m)
A I [
) 1
P — L !
% =~..~.~ EL1+m—>L°OE Ll —y [®
~~|.~. :
11+ Pc .'~.i N
0 my mc 1 ”)1

The Green line in the (m, p)—plane
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L, — L™ Smoothing effect

Let N > 25 > v and assume (G2). Let u be a nonnegative WDS with
uy € Ly, (Q) and p admissible. Then, for every ¢ > 0

Juolly " 1

[u(O)llc <7 W with Uy = Goypaiom
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L, — L™ Smoothing effect

Let N > 25 > v and assume (G2). Let u be a nonnegative WDS with
uy € Ly, (Q) and p admissible. Then, for every ¢ > 0

HMO H (iS*’Y)P Ipy
L .
[u(®)]|o <& tN:gm with Uy = (25—7)piN(1—m)
o :
]
N L P (') )
5= '“~~Lfb.‘~_) - | Ly, — L
pc?’7’~~~~~ E
1T Yo >

\
0 me 1 m

The Weighted Green line in the (m, p)—plane
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Proof of Smoothing effects

Moser iteration VS Green Function method
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Nonlinear Moser Iteration I. Main Ingredients [de Pablo, Quirés, Rodriguez, Vizquez’12]

B GNS inequalities: the following Sobolev-type ineq. holds

|

2, <& |ILoul} = Si/guﬁudx with 2* = 2

Interpolate to get a family of GNS inequalities: let p > g > 0 and

2
. <2* andsome €€ (0,1)
qg+m—1
so that
el 2o < [l full < SE LS [l (GNS)
aFm=T T T T
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Nonlinear Moser Iteration I. Main Ingredients [de Pablo, Quirés, Rodriguez, Vizquez’12]

B GNS inequalities: the following Sobolev-type ineq. holds

|

2, <& |ILoul} = Si/guﬁudx with 2* = 2

Interpolate to get a family of GNS inequalities: let p > g > 0 and

2
— 4 <2* andsome 6 ¢ (0,1)
qg+m—1
so that
el 20 <l Nl < SE 2wl lul' (GNS)
aFm=1 e TFn=T

B Stroock-Varopoulos inequality: there exists a constant ¢, , > 0

2

_ gtm—1 gtm—1 1 gtm—1
/uq 1Eu’”decm,q/u T Lu 2 dx:cm’qHﬁzu 2 H
Q Q 2
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Nonlinear Moser Iteration I. Main Ingredients [de Pablo, Quirés, Rodriguez, Vizquez’12]

B GNS inequalities: the following Sobolev-type ineq. holds

e

2, <& |ILoul} = 8%/Qulludx with 2* = 2

Interpolate to get a family of GNS inequalities: let p > g > 0 and

2
_“4 <2* andsome €€ (0,1)
qg+m—1
so that
_ 1 _
el 2o < flell3e = < SEALZullg Jull' (GNS)
g+m—1 gFm—1 q+m—1

B Stroock-Varopoulos inequality: there exists a constant ¢, , > 0

2
_ gtm—1 gtm—1 1 gtm—1
/uq "Lumdx > cm,q/ u r Lu T dx=cug Hﬁzu 2 H
Q Q 2
Combining the two above inequalities, one gets
g+m—1
q—1p m 1 gdm=l -2 Hu”l] *
u Lu™ dx 2 Cm,q L2y 2 Z Cm,qS/; T e w1 (Ml)

Q [ 2
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Nonlinear Moser Iteration II. Z” — L7 Smoothing Effects.

We shall prove first:

p't’l
ol . !
ol <7, el h =0
IOl <% o Sy M= ey O
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Nonlinear Moser Iteration II. Z” — L7 Smoothing Effects.

We shall prove first:

pﬂl
ol . !
ol <7, el h =0
IOl <% o Sy M= ey O

The proof is formally simple:

d

— uq(z‘)dxzq/ ul ' Oudx = —q/ w = Lu™dx < 0
dr Jg Q Q
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Nonlinear Moser Iteration II. Z” — L7 Smoothing Effects.

We shall prove first:

PYp
) !
B O I
e e =P LI s T B

The proof is formally simple:

d
— [ ul(t)dx = q/ ul ' Oudx = —q/ w! ™' Lu™ dx
dr Jg Q Q

g+m—1

2 dalg =m0y
(g +m =12 )], 7 5

Ml) — < -87

Then, integrate the differential inequality to get (1).
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Nonlinear Moser Iteration III. /7 — L°° Smoothing Effects.

Rewrite (1) for each k > 1 with p; = 2%p and f, such that t;, — f,_; = 2—’,(

Nk —Pr—1) Pr—1Pk—1

k—1 9, )4 k
lu(t)llpe < L™ oeCti—1) 1™ e~ i ~ 4

where 9y := U, = (2spr — N(1 —m))~ .
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Nonlinear Moser Iteration III. /7 — L°° Smoothing Effects.

Rewrite (1) for each k > 1 with p; = 2%p and f, such that t;, — f,_; = 2—’,(

Nk —Pr—1) Pr—1Pk—1

k—1 )2 k
Ju(t)llp, < I, ™ lla(ti—1) |t e~ 2~ 4

where 9y := U, = (2spr — N(1 —m)) ™. Then, we iterate

N(Pk_ﬁk—])ﬂk ] Pk—1Yk—1

lu(t)lpe <L, ™ [Ju(ti—1)]lp s
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Nonlinear Moser Iteration III. /7 — L°° Smoothing Effects.

Rewrite (1) for each k > 1 with p; = 2¥p and f such that 1y, — ;| = &

21(7
N(pg—pk—1) - Pk— IZk 1 X
) |pe <1 ™ lJti—1)llpe S e~ 7t ~ 4
where 9y := U, = (2spr — N(1 —m)) ™. Then, we iterate
N(Pk_ﬁk—])ﬂk_] Pr— 119k 1
lu(@)llp, <1 ™ (1) o2t
Nex—pe1) g N1 he) g POk PR—29k—2 Pt Ok=T

S (]S

k
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Nonlinear Moser Iteration III. /7 — L°° Smoothing Effects.

Rewrite (1) for each k > 1 with p; = 2%p and f, such that t;, — f,_; = 2—’,(
N(pg—prk—1) Pk—1 Vk—1

D—1 Pk k
lu(tllpe <L ™ leeCte—1)llp 1t lerv 5 ~ 4

where 9 := 1, = (2spx — N(1 —m))~". Then, we iterate

NPk —Pr—1) ey Pr—1 Zk 1
u@)llpe < I, ™ [Ju(te—1)llp 5™
Nex—pe1) g Moo mna) F}z/lﬁk—l Pk—20k—2 Pt VT

— Uk 7 k=2"""p 5, Pk Ok
<K " I, 1}/l T u(te—2) ||ﬁf/z/

Npj—pj—1) 991 POp

k
SHIJ Pk Iy Hu Hpkﬁk
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Nonlinear Moser Iteration III. /7 — L°° Smoothing Effects.
Rewrite (1) for each k > 1 with p; = 2%p and f, such that t;, — f,_; = 2—’,(

Nk —pr—1) Pk—1 Pk—1

Bt Dk k
el <8 ™ ) o~ B4

he—t—1

where 9 := 1, = (2spx — N(1 —m))~". Then, we iterate

N(Pk*ﬁkfl)ﬁk_] Pk— 131( 1
lu(t)lpe <1 ™ lJu(t—1)llp S
N@r=pi—1) g Nok—1=Pk=2) g PE<TVk—1 Pr—20%— z!’g) U1
SI]( Pk k ]]k—IM k=270 tk 2 ”ﬁi,/z/ i O
1
k  NG=pj_1) 99— POy k z w POk pop
<IIp 7 i < | TI(95) oo™
j=1 j=1
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Nonlinear Moser Iteration III. /7 — L°° Smoothing Effects.

Rewrite (1) for each k > 1 with p; = 2p and 1, such that f;, — t,_; = 4

?7
Nk —Pr—1) - Pr— IZk 1 ¢
Ju(t)llp, < I, ™ ([u(ti—1)llpe 3™ e~ i ~ 4
where 9y := U, = (2spr — N(1 —m)) ™. Then, we iterate
N(pg—rr—1) e Pr— 119k 1
lu(t)lpe <1 ™ la(tx—1) |t
Npg—rk—1) N(pg—1—Pk—2) Pp=TV%—1 Pr—2Vk—2 Pe=T Vi
—k = 9 Fr—2 5 )
<5 "R W fu(o) g
N(9; 9; L
Npj—pj—1) 09, pop k z (f+’l> 7,
. 9 9 i 19
<ITn ™l < (TL(9 S ool
j=1 j=1
Finally, letting k — oo
2sp 9,

| ol
Ju(t)loe < Jim Jlu(a), < R I0E—.



Smoothing effects

0O000e00

Moser VS Green

Green Function method I. Main Ingredients.

Recall:
L7 u(xy) = / u(x)Gaq(xo, x) dx
Q
Assumptions:
(G1) 0 < Golx,)) < o=

(G2) c0,0®1(x)P1(y) < Ga(x,y) < —% ( @1 (x)

[x=y[V=2 \ |x—y]7

A 1)(@(}?‘1 A 1)
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Green Function method I. Main Ingredients.

Recall:
L7 u(xy) = / u(x)Gaq(xo, x) dx
Q
Assumptions:
(G1) 0 < Golx,)) < o=

G2 wa®i(®)®1() < Galry) < i (UG A (2 A1)

Benilan-Crandall Time Monotonicity estimate

o
W< 4
"= (1 —m)t

which is the weak version of

in distributional sense,

JE o o .
t " Tt x) is non-increasing for a.e. x

Proof. Time-scailing + Comparison
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Green Function method II. “Almost” representation formula.

“Almost” representation formula [M. Bonforte, J.L. Vazquez 2015]

For all xo € Q and 0 < 1y < ¢, it holds that

m = 1 1
= 1—m = =
I

(¢ 1 1 — u(t (1
u ( l)xo) < / M( O)X) M( 1’)6) GQ(X(),X)dx < u (lxo)
—m —m 1—m
Q=1 Iy
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Green Function method II. “Almost” representation formula.

“Almost” representation formula [M. Bonforte, J.L. Vazquez 2015]

For all xo € Q and 0 < 1y < ¢, it holds that

u"(t1,x0) - 1 / u(to,x) — u(ty, x) Galxo, x) dx < u™(to, xo)
m = ) d"[ — m
tll_m 1— m Jo t117m _ t(; m t(;_m

Proof. Choose ¢(t,X) := X[s,4](t)0x (%) in the Weak Dual formulation:

//u£ ppdxdt = //u pdxdr
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Green Function method II. “Almost” representation formula.

“Almost” representation formula [M. Bonforte, J.L. Vazquez 2015]

For all xo € Q and 0 < 1y < ¢, it holds that

u"(t1,x0) - 1 / u(to,x) — u(ty, x) Galxo, x) dx < u™(to, xo)
m = ) d"[ — m
tll_m 1— m Jo t117m _ t(; m t(;_m

Proof. Choose ¢(t,X) := X[s,4](t)0x (%) in the Weak Dual formulation:

//u£ ppdxdt = //u pdxdr

/(u(to, x) — u(t,x)))Ga(xo, x) dx = / (1, x0) dt
Q

to obtain
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Green Function method II. “Almost” representation formula.

“Almost” representation formula [M. Bonforte, J.L. Vazquez 2015]

For all xo € Q and 0 < 1y < ¢, it holds that

u"(t1,x0) - 1 / u(to,x) — u(ty, x) Galxo, x) dx < u™(to, xo)
m = ) d"[ — m
tll_m 1— m Jo t117m _ t(; m t(;_m

Proof. Choose ¢(t,X) := X[s,4](t)0x (%) in the Weak Dual formulation:

//u£ prdxdt = //u pdxdr

| utt00) = 1.2 Gt 1 s = / (tx0)d

to obtain

17 1

u(ty) < u(t) < u(ty) (a)fm,sothat

t
um(tl,xo) < ftol um(taXO) de < um(lo,)C()>

e L 4\ =
0 (1 —m) <tl“’"—t(;"”) r

Then, use time monotonicity, <£>
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Green Function method III. Basic analytical tools.
We take 7y = 0 in the “almost” representation formula to get

(%) < / (o) — ultr=)) G (30,3) dx
Q

1 >0
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Green Function method III. Basic analytical tools.
We take 7y = 0 in the “almost” representation formula to get

(%) < / (o) — ultr=)) G (30,3) dx
Q

1 >0
B STEP 1. For any p > 5 and P <5 25 we have by Holder
u" (11, %0) < *Iluollpllez(XO, Ny <

1]
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Green Function method III. Basic analytical tools.
We take 7y = 0 in the “almost” representation formula to get

" (11,30) < [ o) ~ ultr o)) G 1)
Q

1 >0
B STEP 1. For any p > 5 and P <5 25 we have by Holder
u" (11, %0) < *||M0||p||GQ(xo’ Ny <

1]

Lemma [M. Bonforte, A. Figalli, J.L. Vazquez 2018]

(G1) = sup [|Ga(xo, )|y <cpo onlyif p'<
X EQ N —2s
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Green Function method III. Basic analytical tools.
We take 7y = 0 in the “almost” representation formula to get

" (11,30) < [ o) ~ ultr o)) G 1)
Q

1 >0
B STEP 1. For any p > 5 and P <5 25 we have by Holder
u" (11, %0) < *||M0||p||GQ(xo’ Ny <

1]

Lemma [M. Bonforte, A. Figalli, J.L. Vazquez 2018]

(G1) = sup [|Ga(xo, )|y <cpo onlyif p'<
X EQ N —2s

N(1—m) yy

But we want the sharp exponents for any p > p. = —;
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Green Function method III. Basic analytical tools.
We take 7y = 0 in the “almost” representation formula to get

" (1,30) < [ o) ~ ular o) Gor 1)
Q

1 >0

B STEP 2. Let p>p,.: Use (G1) and split the integral in Bg(xo) and Q2 \ Bg(xo)

| 4;@Qim+c/ o )

11 By X0 — x|V 72 1 Jo\Be(xy) 1*0 — X[V
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Green Function method III. Basic analytical tools.
We take 7y = 0 in the “almost” representation formula to get

" (1,30) < [ o) ~ ular o) Gor 1)
Q

1 >0

B STEP 2. Let p>p,.: Use (G1) and split the integral in Bg(xo) and Q2 \ Bg(xo)

c up(x C up(x
um(tl,xo)ﬁf/ %dx—!—*/ %
11 JBe(xy) %0 — X 11 Jo\Be(x) %0 — X
Estimating both sides we get for € € (0,m)
oy < M T el 1
1,20) 5 f RZAp*N(lpan»E) f R%’+2S
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Green Function method III. Basic analytical tools.
We take 7y = 0 in the “almost” representation formula to get

" (1,30) < [ o) ~ ular o) Gor 1)
Q

1 >0

B STEP 2. Let p>p,.: Use (G1) and split the integral in Bg(xo) and Q2 \ Bg(xo)

c up(x C up(x
um(tl,xo)ﬁf/ %dx—!—*/ %
11 JBe(xy) %0 — X 11 Jo\Be(x) %0 — X
Estimating both sides we get for € € (0,m)
oy < M T el 1
1,20) 5 f RZAp*N(lpan»E) f R%’+2S

Finally, optimizing in R and taking supremum in xy € {2 we conclude that

2spV m
()l <2 ( Juof3” )
Dlleo = 4| B~y

,
I
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B Boundary Behaviour: “Almost” representation formula + Smoothings

implies
P m 2spd,
@1 t1+N19p

and the analogous result with weighted norms.
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B Boundary Behaviour: “Almost” representation formula + Smoothings

implies
P m 2spd,
@1 t1+N19p

and the analogous result with weighted norms.

B Strong solutions: Boundary behaviour + Smoothings implies

2]y,
10a0)l, <

_m Vt>0

and the equation is satisfies a.e.



Smoothing effects

Consequences of a priori estimates

B Boundary Behaviour: “Almost” representation formula + Smoothings
implies
2spV,
u" (1) = lluolly

V>0
P, >

- tH—Nﬂ
oo
and the analogous result with weighted norms.
B Strong solutions: Boundary behaviour + Smoothings implies

2|luo]ly

L <
Joutl, < st >0

and the equation is satisfies a.e.
B Extinction time and Sharp decay:

>0 st u=0 &  |ul)| = (T -7
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B Energy method: Let us derive the energy and use Sobolev-type inequality

dt<1+m/gu (t)dx> :/Qu uth——/Qu Lu" dx = —||u ||H(Q)
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B Energy method: Let us derive the energy and use Sobolev-type inequality
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Q

: _1-m
with e = Tom-



Extinction
o] le]e]

Solutions vanish in finite time!!
B Energy method: Let us derive the energy and use Sobolev-type inequality

dt<1+m/gu (t)dx> :/Qu uth——/Qu Lu" dx = —||u ||H(Q)

1—e
< S|l = —S2 ( PG dx)

with e = T Then, we integrate on [0, 7] to obtain

(@) < lluolli Ty — Cmt
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Solutions vanish in finite time!!
B Energy method: Let us derive the energy and use Sobolev-type inequality

5 (i [yt 0as) = [aruto == [ o=
1—¢
< - Stlulit, =t [ o)
Q

with e = ijﬁ Then, we integrate on [0, 7] to obtain

IOz < ol —Gnt = [ 37> 0 st [u(@)lrem =0
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Solutions vanish in finite time!!
B Energy method: Let us derive the energy and use Sobolev-type inequality

5 (i [yt 0as) = [aruto == [ o=
1—¢
< - Stlulit, =t [ o)
Q

with e = ijﬁ Then, we integrate on [0, 7] to obtain

IOz < ol —Gnt = [ 37> 0 st [u(@)lrem =0

Now, if we integrate on [7, 7| we have

o — @I < —cu(T = 1)
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Solutions vanish in finite time!!
B Energy method: Let us derive the energy and use Sobolev-type inequality

5 (i [yt 0as) = [aruto == [ o=
1—¢
< - Stlulit, =t [ o)
Q

with e = ijﬁ Then, we integrate on [0, 7] to obtain

IOz < ol —Gnt = [ 37> 0 st [u(@)lrem =0

Now, if we integrate on [f, T] we have

WU~ O < ~0u(T == (eu(T—)™5 < [u(®)l11n]




Extinction
o] le]e]

Solutions vanish in finite time!!
B Energy method: Let us derive the energy and use Sobolev-type inequality

dt<1+m/gu (t)dx> :/Qu uth——/Qu Lu" dx = —||u ||H(Q)

1—e
8%l = 82 ( PG dx)

with e = T Then, we integrate on [0, 7] to obtain

I /\

O < ol = Gwt = [ 37> 0 st (D) lrgm =0

Now, if we integrate on [f, T] we have

LU — [l < ~Gn(T = 0= [eu(T=0™5 < ()14

B Other norms: similar argument for H*, [ and L{;l norms
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B Nonlinear Rayleigh Quotients [Berryman-Holland 1980]: Consider the
following quotient

_ H“m||12q(9) B fQ u™ Lu™

i, (fﬂuwmdx)%

Olul :

which is monotone along the solutions, that is,
Qlu(t)] < Qluo] Vi>0

B Derive the Energy:

d 1
— 7/u1+m(t)dx :/umu,dx:f/umﬁumdx
dt l+m o) Q Q
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B Nonlinear Rayleigh Quotients [Berryman-Holland 1980]: Consider the
following quotient

MMy fqurcwn

i, (fﬂuwmdx)%

Qlu] :

which is monotone along the solutions, that is,
Qlu(t)] < Qluo] Vi>0

B Derive the Energy:

% (lim/gu”'"(t)dx) :/Qumu,dx:f/ﬂumﬁumdx
= —Qu(1)] (/Q ul+m dx) v
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B Nonlinear Rayleigh Quotients [Berryman-Holland 1980]: Consider the
following quotient

o o= MMy Joulu
: 2m om_
HM||1+m (IQ ul+m dx) T+m
which is monotone along the solutions, that is,
Qu(r) < Qlug)]  Vt>0

B Derive the Energy:

% (li,n/guw"(t)dx) —/zﬂumu,dx—/ﬂumﬁumdx

: _1-m
withe = /.
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B Nonlinear Rayleigh Quotients [Berryman-Holland 1980]: Consider the
following quotient

o o= MMy Joulu
: 2m om_
HM||1+m (fQ ul+m dx) T+m
which is monotone along the solutions, that is,
Qu(r) < Qlug)]  Vt>0

B Derive the Energy:

% (li,n/guw"(t)dx) —/zﬂumu,dx—/ﬂumﬁumdx

withe = ]ljr—"z Then, integrate on [z, T to get

Il < (1= m)Qluo)(T — 1)
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Sharp extinction rate

® L'*™ sharp decay: Combining previous estimates we have

1 J
(ens(T = )75 < [ul0)ll1m < T~ )75 |

B H* sharp decay: Using the “Dual” Nonlinear Rayleigh Quotient we get

(0T )™ < (@)l o) < Coo(T )75 |




Thank You!!

B M. Bonforte, PI, M. Ispizua - “The Cauchy-Dirichlet Problem for Singular Nonlocal
Diffusions on Bounded Domains” https://arxiv.org/abs/2203.12545


https://arxiv.org/abs/2203.12545

	Introduction
	Existence & Uniqueness
	Smoothing effects
	Moser VS Green
	

	Extinction
	

