
Madrid 2022



Well-posedness of some new mean field games models.

Abstract:  Mean field games is an exiting and rapidly expanding topic bridging economics, 
game/control theory, stochastics, and PDEs. Such games are mean field limits of N-player 
games as N tends to infinity, where each player controls an SDE driven by Gaussian or Levy 
noise. We first give a heuristic derivation of the mean field game system - a system of two PDEs 
characterising the optimal Nash equilibrium strategies for the game. Here we consider there 
most standard case with Gaussian uncontrolled noise. Then we discuss two recent 
generalisations of this model: (i) games driven by Levy noise, and (ii) games with controlled 
noise.  We motivate the new models, give well-posedness results for them, and some hints on 
the proofs.

The talk is based on joint work with O. Ersland, I. Chowdhury, and M. Krupski.
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4. Introduction : Mean Field Games (MFGD

• is - player limit of games of identical players observing

only the distribution of the other players .

• Nash - equilibria given by MFG system , e. g.

{
- Ut - Lu + H(× . Du) = Flx

, mltl) ; u ( t=T)=G(× , MAD

Mt
- Em + div (mDzH(× , Dul) = 0 ; m (1- = 0) = no

• u value french of generic player , m distribution of players .

• Backward HJB eq
'
n
, forward Fokker - Planck (FP ) eq

'
n



I. Heuristics : HJB eat'n

Minimization problem :
ity of other players
É

uix.tl = int E { 5++1 F(✗sims) + Edi ) Is + GCXT , ñt) }a

control running cost terminal cost

where ✗
s
= ✗ + Star dr + Lidl
retriedSDE

"

Proc
. w

. generator L

Dynamic programing :

- ut - Lu + Max { ✗ Du - £02 } = Flx
, ñiltl) ; ult-T-GG.mn)

£
Opt . feedback ctrl. : 4×-1✗ it) = Dulxit)



T
.
Heuristics : F- P - eq

'
n

Opt . ctrl
'
ed process :

✗ ↑ = ✗ + si FIXED dr + Sidler

PDF for ✗¥ i

mix
,
t ) =

" Prob ( ✗¥ = ×)
"
~> FP

eq
'

n :

Mt
- Em + divlm ✗

*

(✗ it) ) = 0 ; m (1- = 0) = no
-

= Dukat)

All players play optimally :

Ñ = m ,
where Mo init. distr. of players ~> coupled syst.



4. Introduction : Diffusion and coupling

• L = diffusion operator , e.g . I =D ( noise = B. M .)

• Nonlocal MFG : noise = Levy jump process .

LY (X) = / [ if (✗ +2-1-41×1 - I,zk , 2-Dyk)] d. (z) hypersingular integral
Rd

where µ ≥ 0 measure 512-12^7 dµ (z) < is ex
.
L = - C-OF

• Couplings F ,
G :

prob . meas .

Smoothing /nonlocal F,
G : lRᵈ×P4Rᵈ) chary [e.

g.
Mm)=m*k]

Local F. G- : 1Rᵈ×1R IR [e.g. F(m)=m3 ]



4. Introduction : Some litterateur

• Origin : Larry - Lions 2006 , Huang . Malhame - Cains 2006

• Books :

PDE approach ( Bellman /Dpp) : Achdou et al . , Springer 2020 . . .

Probabilistic (Pontryagin) : Carmona - Delarue , Springer 2018
FBS ☒ Es

• Nonlocal MFG :

Cesarini et al. 2019
,
Circuit - Goff i 2019 , Ers land - J . 202T

• MFG with controlled diffusion :

Ricciardi PhD 2020
,
Andrade - Pimentel 2020

,
Benazoli et al . 2019120 , Lacker

"
115



4. Introduction : MFG models in this talk

case T : Uncontrolled nonlocal noise → linear diffusion (montero)

(MEG ,) f- Ut
- Lu + H(× . Du) = f- (✗ imltl) ; u(t=T)=g G.MAD

Mt
- L*m - div (mDzH(× , Dul) = 0 ; m (1- = 0) = molx)

linear diffusion

case 2 : controlled noise → nonlinear diffusion ( toe. or nonkr)

(Mfo 2) [
" t - F(Lu) = f- (× , Mlt) ; u(t=T) = glx , met))

Mt - 2*4=42 a) m) = 0 ; mlt=0)= moth

nonlinear diffusion



2. MFG with uncontrolled Levy noise

(MEG ,) {
- Ut - Lu + H(× . Du) = Flximltl) ; ult-T-GG.mn)

Mt
- Em - div (mDzH(× , Dul) = 0 ; m(t=0) = mo

Well - posedness - classical solins

L = 0 ÷ Tsf order ,
"

variational
"

sofas in LP [ cardahiaguet - Graber 2014]

I = ☐ : 2nd order [Lasry - Lions . . .]

[ = - l- b)% on th i [Cesarini et al. 2019 ] , [Circuit - Goffi 2019 ]

I =
"

general
"

nondegenerate nonlocal Levy op . on IR
"

:[ Erland - J . JDE 202T ]



2. MFG with uncontrolled Levy noise

conditions on I :

(Levy) Lynn =/ [ ycxtz) - 414 - Deeks # izkidpllz) where µ≥0 , 5131211dm-4<0
Rd

NON - DEGENERATE :
"

(Non - deg.
' ) ÉÉd+•≤ᵈd¥≤c¥d+r for iz / ≤ I

,
• c- (i. 2)

order 0ᵗʰ
§

L ~ WE iOR MUCH MORE GENERAL ☐

:
(Non - deg.) Heat kernel bud's + moment cord'n :

-1

8

HDPKTHP , HDPk¥Hp≤ ett
- £ " " - " ' ¥"

t roof
,≥ ,
.IE?ntdpuk- ≤ c o -



2. MFG with uncontrolled Levy noise

Examples of L : or
,
or
, , . _. , 02 ,

Y c- (i. 2)

(it I = - ( - D)Es µ cubs . conf.

Iii, L = - C- d×
,

) ? _
. . .
- ( 0×1%2 µ singular , different orders

"it £41M = f? [ ycxi-z.ee, ) - qlx) - dicey . 2- I ,z,, ] ,+• µ spectrally one - sided

CGMY
Civ) L Y K) = ftp. [ 41×+7 -ed - 4kt - di 41×11 czki ]

ce
- ° " ' " "

non - symmetricTzdZ

Tempered L ,
L in Finance , no moments at is , sums of L , . . .



(mt-gyy-ut-Lu-HK.tw/=tlHmlH);m(t=oy=m#mt-Lm-div(mD,H(× , pay) = 0

i " (⇐D= GG, MAD

2. MFG with uncontrolled Levy noise

smoothing couplings :

(I) F
,
G : Rd ✗ Pard) → R Lipschitz ; FC.im)EÉb , GC.im) c- Cb indep . m

(E) 11-11-1 - a -111331-11 ≤ Cr it xE1Rᵈ
, Ipl ≤ R ; Ittcxip) - Hlyipl / ≤ cG+lpDk- yl

"
C}

, we
"

"
✗ - Lipschitz "

(TI) Mo E C} A PCIRD )

NO MOMENT CON D.
'

N

Theorem [ Erland _ J . JDE 202T ]

I I. Solin u c- C
"}

b n coat] ;PllRᵈ)) of (MFGT) in [01T]×1Rᵈbt
, ✗
I
MEC

"

,



(mt-gyy-umt-Lu-HK.tw/=tHm*H.,m,t=o,=m#- £ m - din (MD, HG, pay) = 0

i " ( + =D = GG)

2. MFG with uncontrolled Levy noise

Local couplings :

(I) F = F- (✗ is) c- C2nCb(iRᵈ ✗ IR) n C ( IR ;Éb
,
✗
(R1)

,
G = Glx) E Cb ( Pnd )

✗ S S ✗

(E) 11-11-1 - n -111331-11 ≤ Cr it ✗ c- Rd
, Ipl ≤ R ; Ittcxip) - Hlyipl / ≤ CH-11pA k- yl

"
C}

, we
"

"
✗ - Lipschitz "

(TI) Mo E C} A PCRd)
NO MOMENT CON D.

' N

Theorem [ Erland _ J . JDE 202T ]

I I. solin u c- É" mechs" ncko.TT ;PlRᵈ)) of (MFGT') in [01T]×Rᵈb text tix



(MFGTJ-umt-L.at/-KkDu)=FlximlH);uCt=T)--G(x.mA#-Lm-div(mDzH(x, Dul) = 0 ; m (1- = 0) = no

2. MFG with uncontrolled Levy noise

Mixed local - nonlocal operators :

I mix = tr [ aat D2 ] + b. D + Lnonloc

Smoothing couplings :

(I) F
,
G : Rd ✗ Pard) → R

D O ⑤ 0

Theorem [ J - Rutkowski
,
in progress]

I d. Solin fu , m) of (MFGT) in [01T]×lRᵈ



2. MFG with uncontrolled Levy noise

Existence ok - what about uniqueness
? ?

Uniqueness holds in all cases under :

Ci ) Monotonicity of F and G ,
e. g.

J ( Fcm ,) - Fema)) dcm ,
- ma) ≥ 0 Um

, , mz C- P

Iii) Convexity of H (in gradient )

Proof : As in local case



(MFGTJ-ut-Lu-HK.tw/=FlximlH);uCt=T)--G(x.m#mt-LM-divlmds.tl/xiDuD=0;mCt=O)--m#
2. MFG with uncontrolled Levy noise

New contributions :

f.) General and mixed operators

2.) Local coupling

3.) Non compact space IR
"

4.) Not !) moment assumptions , no P
,
or Pz ,

no Wi
Wasserstein t

5.) New regularity theory for nonlocal HJ Begins

( 6.) Reduced regularity requirements)



j u ( c- = T) = GG ,
mlt))(MFGTJ-umt-L.at/-KkDu)=tKimlH).,m,,.=o,=m#-Lm-div(mDzH(xiDu)) = 0

2. MFG with uncontrolled Levy noise

Existence of smooth solutions ( smoothing couplings )

f) Heat kernel estimates : Kt - Lk = 0
,
Kit = 0) = So

11 ☐
*

kit , , ) 11 µ
≤ c. t

-¥ '

for all ✗ c- Nod

2) short time existence HJB (freeze m) : via Duhamel formula

diulxitt = K It * diuo + If dikct - s) * (HCDU) - F) Is

- . . existence in CI by fixed pt.org . (Banach) . . . higher derivatives C! - - .

3) Long time existence HJB
: via uniform Lipschitz bird 's

viscosity Sol
'

n arguments [ ~ Droniou - Imbert £ = - C- a)
% ]



(mt-gyj-ut-Lu-HK.tw/=FlximlH)juCt=T)--G(x.mA#Mt
- L M - div (mDzH(x, Dul) = 0 ; m (1- = 0) = no

2.MFGwithuncontrohedhevynof4.tl
JB : Time - regularity estimates

5.) FP (freeze u) : Regularity - using results for HSB

6.) FP : A priori estimates

≥ 0
,
LT mass - preserving , tightness , equi - cont. in R - K metric do

do ( µ , , puz)
= int f 41×1 dlpu , -MDK) i µ , , µ≥ C- PUR" )
4 C- W " •

11411*+11Dellis ≤ I
do - conv. ⇔ w.com. of meas .

Previously : Stronger d
,
= Wp cow. + moment assumptions !



(MFGTJ-umt-Lu-HK.tw/=tHmlH).,m,+=o,=m#- £ M - dir (MD, HG, pay) = 0

i " ( + =D = GG ,
MA))

2. MFG with uncontrolled Levy noise

7.IM/--GiSotvecoupledsystembyfixedpt.argwmF
Convex

, compact set : E = { pre C([at] ;P) : fydpu ≤ Gi ᵈY!% ≤ Ca}
tight equi - cont.

I. solin
continuous map in Ei T

:

µ i.→ aim iÉ> m

HJB w .
FP w.

m = µ u = ulpr)

Schauder fixed pt . theorem

⇒ 7 me e such that Tm = m

⇔ 7 (miu ) d. solin of (MF G)
def . of T



2. MFG with uncontrolled Levy noise

Rem-arksiisillionsfixedpt.argumenfi.it
Local couplings more complicated [Errand - J . IDE 202T]

- . . approximate w.
nonlocal couplings . . .

-
.
. uniform a priori estimates . .

.

- . . pass to the limit

Problem : F leers regular in proof ( ~ regularity of m)

→ new long time estimates

→ no decoupling , fractional improvement , bootstrapping



3. MFG with controlled noise

(Mfo 2) [
" t - F(Lu) = flxsmltl) ; u(t=T) = glx , met))

Mt - L* / F' (Eu) m) = 0 ; mlt=0)= moth

Very resent direction , only initial results :

Ricciardi PhD 2020
,
Andrade - Pimentel 2020

,
Benazolietal . 2019120 , Lacker "☒

some overlap , much different different _setting probabilistic, simpler setting

We will discuss :

Chowdhury - J .
- Krupski arXiv : 2105--00073



(mega)
- Ut - F(Lu) = flxsmltl) ; u(t=T)=g(× ,

met))

Mt - 2*4--42a) m) = 0 ; mlt=0)= Mow

3. MFG with controlled noise

sample assumptions :

( I ) F convex , F
' EW

' 'HR) , F
'
≥ 0

(E) fig : Rd ✗ PIR'S → R conf . j f- ( • , mti.DE Ctb , g(;m)EC2b indep. m
a

smoothing couplings CHOI] ,P)

⇔) Mo C- P(Rᵈ)

(E) ftp.a [gcx , milt) ) - gli , malty]d(Mt - ma) (x) ≤ 0 Lions

corneliusÉ%Rᵈ / flximtlt ) - fcx , malt))] dim ,
- ma) (tix) It ≤ 0

{ⁿhᵈᵗʰ"ᵗᵈ



(mega)
- Ut - F( Iu) = flxsmltl) ; u(t=T)=g(× ,

met))

Mt - 2*4--42a) m) = 0 ; mlt=0)= moth

3. MFG with controlled noise

Degenerate , low order :

(LT) Lyin = / [ 41×+2-1 -41×1 ] dpecz) , µ ≥ 0 ,
• c- (O

,
T ) , ✗ c- lost)

0 ≤ fin ¥! pucdz) ≤ ¥, r
- • for Irl ≤ i.

no lower band
.

"
"

order ≤ or < t
, can be degenerate

Theorem Ti [Chowdhury - d. - Krupski ]

If lent ) holds with • ≤ 0,29 , then

7 ! classical - very weak Sol'n (uim) of (MFG 2) in [01T] ✗ lRᵈ



(mega)
- Ut - F( Iu) = flxsmltl) ; u(t=T)=g(× ,

met))

Mt - 2*4--42a) m) = 0 ; mlt=0)= moth

3. MFG with controlled noise

Nondegenerate , order 2 :

(22) I =D

(ND) F ' ≥ K > 0

Theorem 2 : [Chowdhury - d. - Krupski ]

7 ! classical - very weak Sol'n (uim) of (MFG 2) in [01T] ✗ lRᵈ



(mega)
- Ut - F( Iu) = flxsmltl) ; u(t=T)=g(× ,

met))

Mt - 2*4--42a) m) = 0 ; mlt=0)= moth

3. MFG with controlled noise

Nondegenerate ,
order or c- (0,2) :

(E3 ) I ≈ - C-OF

(ND) F ' ≥ K > 0

Ut - FIL u) = fix .
't)

( Schauder) g , f e Cd ¥ ⇒ ut ,
Lu E C

" ¥
✗ it ✗it

HJB ult -01=91×1

Then we prove :

7 ! classical - very weak Sol'n (uim) of (MFG 2) in [01T] ✗ lRᵈ

Hs B ) ? Fully non tin . !Q to YOU : Do you have references for (
Schauder



3. MFG with controlled noise

Remarks :

i) More general results in Chowdhury - J .
- Krupski arXiv : 2105 : 00073

-.
- less regularity _ .

. more I
'

s
. . .
abstract theory . . _

"

derivation
"

ii ) Very weak sodas of FP : M E CC [0 it ] ; P(1Rᵈ )) solving

fmlt.ly dx = Smog dx + FSF '

12h7m1s) Lp dxds V p c- Ci
0

Iii) Existence : Variant of Loons fixed pt. argument

it Uniqueness : Variant of Lions cross - multiplication method

Uses monotonicity and convexity , but no strict mon . or convexity !



3. MFG with controlled noise

v) Uniqueness :

Requires of FP eq
'
n → new results for degenerate eq 'ns

Prop.:1f(Li)holds,moEP(1Rd),aF
non - Lipschitzorder or < I

0 ≤ be C / [oil ] ; Cf (Md)) for p > or + For
,

degen .

then there is a unique very weak solin of duality arg.
+ vise. sot

"

ns

mt-L*(bm)=0,mlt=0)=vg

iv) semi- heuristic derivation of MFG : New ctrl . problem ,

Ctrl
'
ed time change rates .



Chowdhury, Ersland, and Jakobsen.
Numerical Approximations of Fractional and Nonlocal Mean Field Games.
Found. Comput. Math. (2022), https://doi.org/10.1007/s10208-022-09572-w.

32 I. CHOWDHURY, O. ERSLAND, AND E. R. JAKOBSEN

(a) t = 0.5 (b) t = 1.5

Figure 1. The solutions m in Example 1.

(a) m(t, x) (b) u(t, x)

Figure 2. Solution m and u in Example 1 with di↵usion parameter
s = 1.5

(i) L = �2(��)
s
2 ,

(ii) L = �2Cd,s

R
R[u(x+ y)� u(x)�Du(x) · y |y|<1] [0,+1)

dy
|y|1+s ,

(iii) L = �2Cd,s

R
R[u(x+ y)� u(x)�Du(x) · y |y|<1] [�0.5,0.5]c

dy
|y|1+s ,

(iv) L = �2Cd,s

R
R[u(x+ y)� u(x)�Du(x) · y |y|<1] e

�10y��y+ dy
|y|1+s ,

where Cd,s is the normalizing constant for the fractional Laplacian (see [45]). Case (i)
is the reference solution, a symmetric and uniformly elliptic operator. Case (ii) is non-
symmetric and non-degenerate, case (iii) is symmetric and degenerate, and case (iv) is
a CGMY-di↵usion (see e.g. [34]). We have plotted m at t = 0.5 and t = 1.5 in Figure 3.

Example 3. (Long time behaviour). Under certain conditions (see e.g. [22, 21]), the
solution of time dependent MFG systems will quickly converge to the solution of the
corresponding stationary ergodic MFG system, as the time horizon T increases. We
check numerically that this is also the case for nonlocal di↵usions. In (45), we take
L = (��)

s
2 , with s = 1.5, [0, T ]⇥ [a, b] = [0, 10]⇥ [�1, 2], G(x) = (x� 2)2, f(t, x) = x2,

and m0(x) = [1,2](x). We expect (from the cost functions f and G) that the solution
m will approach the line x = 0 quite fast, and then travel along this line, until it goes
towards the point x = 2 in the very end. Our numerical simulations shows that this
is the case also for nonlocal di↵usions. Here we have considered the cases K = 0 (no

4. Other results : Numerical schemes (MFGT )

- Nonlocal
, smoothing coupling

- SL schemes :

HJB : discrete time DPP egin , interpolation

Opt . ctrl . : Approx . by smoothing
F P : FP for disco - time prone . , duality , Pt test - fundus

- stability , compactness , sometimes full cow. :

dim = T
, degenerate PDEs OR dim ≥ T

,
non - Degen . PDEs



4. Other results : Master eyin , Conor. N'→ • players

( MFGT )

Define it : ( tone mo ) ↳ U(✗ it ) , (Uim) solves
ult.H-GCx.net){
mlto) = Mo

[
prob. areas-→

Smooth it salsifies MASTER EQ 'N :

Ut - L×U + HCDU) - / (Oy + H' lU)Dy)¥mltmyim) dmly) = Fix ,m)
(ME) {U( T.x.vn) = Gcxim)

in (o ,T) * IR
"
✗ PCR" )

Work in progress w
.

A
. Rutkowski :

• 7 ! of ct
.

coins of (ME) when I nonlocal / mixed

• Next : N - player games ¥ MFG
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Thank
you for the attention !


