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LB’E:_\EEFE_EAT Dirichlet problem for the Laplace equation
Faculty of Mathematics
o Let Q C R" be open and bounded. Given g € C(912), the Perron’s solution
u(x) = sup{v(x) : v € C(Q) is subharmonic in Q, v < g on 9Q}
solves the Dirichlet problem for A.
o However, it does not imply

lim u(x) = g(x) (1)

Q3x—xp

for boundary points xp € 99Q.

Definition
A boundary point xo € 9 is called regular w.r.t. A if (1) holds Vg € C(9R2).

o (1) is connected to the geometric properties of the boundary through the
concept of barrier function.
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Two dimensional case
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n-dimensional case, n > 2
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Other sufficient conditions
o Measure density condition: info<,<p, ‘Br(f% >c.

o Exterior corkscrew condition, exterior Reifenberg flat condition,
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Let 2 be an open set and K C  a compact set. The capacity of K in Q is
defined by

cap(K,Q) = inf{/ |Vv|?dx : v e C(R),v>1on K}.
Q

o Note that cap(B,, Bz,) ~ p" 2.

A boundary point xo € O is regular w.r.t. A if and only if

/ cap(B,(x0) \ ©, Bzp(x0)) dp
0 p

pn—2 = t+o0.

A boundary point xo € 0L is regular w.r.t. A if and only if it is regular w.r.t. any
uniformly elliptic operator.

Minhyun Kim The Wiener criterion for nonlocal Dirichlet problems

3/16



UNIVERSITAT - . .
BIELEFELD Quasilinear elliptic equations

Faculty of Mathematics

o Given g € W'P(Q), there exists a unique weak solution u € W'P(Q) of
Qu = —divA(x,Vu) =0in Q

with u — g € Wy P(Q), where A(x,€) - € = |€]P, p € (1,00).
o In particular, u has a representative that is continuous on .

o A boundary point xo € 99 is said to be regular w.r.t. Q if

lim u(x) = g(x)

Qox—xp
for all g € WHP(Q) N C(Q).
Theorem (Maz'ya '70, Gariepy—Ziemer '77, Lindqvist—-Martio '85, and

Kilpeldinen—Maly '94)
A boundary point xo € 02 is regular w.r.t. Q if and only if

/ (Ca,,,,(gp(xo)\ 2 sz(xo») T

PP p
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o Goal: find a necessary and sufficient condition for a boundary point to be
regular w.r.t. a nonlinear nonlocal operator

£u() = 20 [ Ju(x) = ()P (u(x) = )b,y

where s € (0,1), p € (1,00), and ks, is a measurable function satisfying
ks,p(X,¥) = ks,p(y,x) and

Ay < N A>1
x =y = s,p(x,y)_m’ =
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o Function spaces:
VEP(QIR") = {u ‘R = R: ulg € LP(Q), W € LP(Q x R”)} ,

VEP(QIR")

We?(Q) = C&(Q)

o Let g € V*P(Q|R"). There exists a unique weak solution u € V*P(Q|R") of
Lu=0inQ with u—g e W;7(Q).
o In particular, u has a representative that is continuous on .

Definition
A boundary point xp € 9R2 is said to be regular w.r.t. L if

lim  u(x) = g(x0)

Q3x—x

for each g € VSP(QIR") N C(R").
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Let Q be an open set and K C Q a compact set. The (s, p)-capacity of K in Q is
defined by

cap, ,(K,Q) = |nf{/n/n Iv(9 = viy)l” dydx : v € C°(R),v >1on K}.

y|n+sp

A boundary point xo € 0 is regular w.r.t. L if and only if

/ (caps,p(m \ Q, B2p(XO))> = dp
0

P p = +00.

o See [Eilertsen '00 and Bjorn '21] for £ = (—A)°.

The regularity of a boundary point depends only on n, s, and p, not on the
operator L itself.
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Sufficiency (xo irregular = Wiener integral < o)
o View the solution u as an admissible function for cap; ,(B,(x0) \ Q, B2y(x0)).
o Use local boundedness and Weak Harnack inequality up to the boundary.

o —> Wiener integral is finite.

Necessity (Wiener integral < co = xo irregular)
o Consider the L-potential u, of B,(x0) \ Q in Bs,(x0)-
o If there exists p > 0 such that u,(x0) < 1, then xo is irregular.

o Wolff potential estimate = u,(x0) < 1.
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Theorem (Local boundedness up to boundary)

Let p € (1,n/s] and Br(x0) C R". If u is a weak subsolution of Lu =0 in , then

Y
sup up; < 6Tail(uyy; xo0, R/2) + C(6)(][ (u,\t,)"dx) p7
Bg /2(x0) Bgr(xo)

where M = supg,(, 1\q U+, Uy = max{u, M}, and

p—1 1
Tail(v; xo, r) = (,-SP/ Mdy) =
R

M\ B, () [Y — Yo"

Theorem (Weak Harnack inequality up to boundary)

Let p € (1,n/s], t € (0, =2 i —UY and Br(x0) C R". If u is a weak supersolution of
Lu =0 in Q such that u > 0 in Br(xo), then

1/t
(][ (u,;)tdx) < C inf u,+ CTail((u,)-;xo, R),
Br/2(x0)

Bg/4(x0)

where m = infg, ( )\o U and u, = min{u, m}.
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o If xo is irregular, then

lim su u>glx) or Iim inf u<g(x).
p_)OQﬂBszxo) g( ) P—0QNB,(x) g( )

Assume WLOG

L:=1lim sup u> g(x)
P=00nB,(x)

and choose / € R such that L > [ > g(xo).

o Find r, > 0 such that / > sup g for any r € (0, r.) by continuity of g.

Br(x0)\Q

M(r) - (U - /)+, where M(r) = sup (U _ /)+
Br(x0)

o Consider u, :

o Then, (ur)y, = ur.
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o Let p € (0,r./4) and 7 € cutoff(B,(xo), B2p(x0)). Then,

UapT)
M(4p)

is admissible for cap, ,(B,(x0) \ 2, B2y(x0)).

o By the weak Harnack inequality local boundedness up to boundary, we have

prep P

/w <caps,p(8p(m) \Q, B2p(xO))> T gp
0

re /4 dp
< C/ (inf Usp + Tail(u;p;xo,4p)) -

0 Bp

re /4 ) 3 dp
= [ (M) = M(p) + Tailuiy 0,49)) 2
0

< C| sup u+|l]+ Tail(u;x0, 1) | < 0.
Bar, (x0)
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Let ¢ € C°(R2) be such that » =1 on K. The £-harmonic function in Q\ K
with u— 1 € W, P(Q\ K) is called the L-potential of K in Q.

Let u, be the L-potential of m\ Q in Bg,(x0). If there exists p > 0 such that
u,(x0) = slzlén inf u,(x) < 1, then xo is irregular.
X—X0

el

Figure: up(xp) < 1

Figure: up(xo) =1
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Definition
A function u : R" — (—o0, +00] is said to be L-superharmonic in Q if it satisfies
the following properties:

0 u< +oo a.e. in R".

o u is lower semicontinuous in €.

o for each Q' € Q and each weak solution v € C(Q) of Lv =0 in Q' with
v4 € L%(R") such that u > v on 9Q’ and a.e. on R"\ @', it holds that
u>vin Q.

o u_ € LR,

Theorem (Korvenpaa—Kuusi-Palatucci '17)

o If an L-superharmonic function is of Li5.(Q2) or W2P(Q), then it is a weak
supersolution.

o If a weak supersolution u is lower semicontinuous in Q0 and satisfies
u(x) = essliminf, . u(y) for all x € Q, then u is L-superharmonic.
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Theorem (Wolff potential estimate)

Let p € (1,n/s]. Let u be an L-superharmonic function in Bg,(xo0), which is
nonnegative in Bg,(x0). If 1 = Lu exists, then

u(x) < C (Binf )u + WE (X0, 4p) + Tail(up;xo,Zp)) ,

20 (X0

where .

W (0, 4r) = /04' (M) 21 dp

e )
is the Wolff potential of p.

o When p > 2 — 2, it is known for SOLA, see [Kuusi-Mingione-Sire '15].
o The existence of p for general L-supreharmonic function is open.

o However, it exists for u = u,.
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o Assume that

/ <caps,p(Br(Xo) \ Q, Bg,(xo))) P dr
0

— < 0.
rn—sp r

o It is enough to find small p > 0 so that u(xp) < 1. Indeed, we have

uy(x0) < C (Wﬁp(xo, 4p) + Binf u, + Tail(up; xo, 2p)>

20 (X0
1
<C 4P caps,p(Bf(Xo) \ Q7 BQ'(XO)) P ﬂ
- 0 rn—sp r

1

e ( o-sts 2eoBOO\D BZ,(XO))>

for any € > 0. Take sufficiently small € and then send p — 0.

Minhyun Kim The Wiener criterion for nonlocal Dirichlet problems

15/16



UNIVERSITAT
BIELEFELD

Faculty of Mathematics

Thank you for your attention!
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