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Statement of the problem

We investigate nonexistence of nonnegative global in time solutions to a quasilinear
parabolic problem

up — div (|VulP2Vu) > V u9 in Q% (0,7)
u>0 on 99 x (0,7) (1)
u > up in Q x {0};

where
e p>1 g>max{p—1,1}, 7 >0,
e () is an open bounded connected subset of RN,
Vel (Qx[0,+)), V>0ae. inQx(0,+00),

up € L1 (Q), up>0a.e. in Q.

loc

D.D. Monticelli, G. M., F. Punzo, Nonexistence of solutions to quasilinear parabolic
equations with a potential in bounded domains, Calc. Var. and PDEs (2022).
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Introduction to the problem

We study the nonexistence of global solutions by means of
e the method of test functions,

e suitable a priori estimates.
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We study the nonexistence of global solutions by means of
e the method of test functions,

e suitable a priori estimates.

Nonexistence of global solutions for problems closed to problem (1) has been
deeply studied both in the Euclidean setting and on Riemannian manifolds of
infinite volume.
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Introduction to the problem

We study the nonexistence of global solutions by means of
e the method of test functions,

e suitable a priori estimates.

Nonexistence of global solutions for problems closed to problem (1) has been
deeply studied both in the Euclidean setting and on Riemannian manifolds of
infinite volume.

Similarly, let me mention that also the elliptic counterpart of equation in (1) has a
long history. | would like to mention some of the work that are mostly connected
to our.

Giulia Meglioli Nonexistence of global solutions 3/38



Parabolic problems - Euclidean setting

A corner stone is the fundamental work of [Fujita, J. Fac. Sci. Univ. Tokyo 1966].

He considers equation
ur=Au+u? in RV x (0,7)

which corresponds to problem (1) with p=2, V=1, Q= RN, Moreover,
up € LOC(RN)
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Parabolic problems - Euclidean setting

A corner stone is the fundamental work of [Fujita, J. Fac. Sci. Univ. Tokyo 1966].
He considers equation
ur=Au+u? in RV x (0,7)

which corresponds to problem (1) with p=2, V=1, Q= RN, Moreover,
up € L(RN). He shows that

e blow-up of solutions in finite time prevails, for all nontrivial nonnegative initial
data, for any

2

l<g<l4 —;

9 N
e global in time solutions exist, for sufficiently small nonnegative initial data, for

any
>1+ 2
q N
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Parabolic problems - Euclidean setting

A corner stone is the fundamental work of [Fujita, J. Fac. Sci. Univ. Tokyo 1966].
He considers equation
ur=Au+u? in RV x (0,7)

which corresponds to problem (1) with p=2, V=1, Q= RN, Moreover,
up € L(RN). He shows that

e blow-up of solutions in finite time prevails, for all nontrivial nonnegative initial
data, for any

2
l<g<l+ —;
q + N
e global in time solutions exist, for sufficiently small nonnegative initial data, for
any
>1+ 2
q N

The exponent 1 + % =: q. is called Fujita exponent. The critical value g = q. is

addressed in [Hayakawa, Proc. Jap. Acc. 1973] where it is shown that it belongs
to the blow-up case.
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Parabolic problems - Euclidean setting

We now mention problem (1) with Q =RN and V =1, i.e.

up — div (|Vu|P2Vu) > u? in RY x (0,7).

In [Mitidieri, Pohozaev, 2001, 2004],

Giulia Meglioli Nonexistence of global solutions 5/38



Parabolic problems - Euclidean setting

We now mention problem (1) with Q =RN and V =1, i.e.

up — div (|Vu|P2Vu) > u? in RY x (0,7).

In [Mitidieri, Pohozaev, 2001, 2004], the authors show nonexistence of global weak
solution when

2N p
. - <p-1+L.
NTT max{l,p—1} <g<p 1—|—N

The powerful role of properly chosen test functions has been deeply explained by
these authors.

Giulia Meglioli Nonexistence of global solutions 5/38



Parabolic problems - Riemannian manifolds

Problem (1) with p = 2 has also been studied in [Bandle, Pozio, Tesei, JDE 2011]
with M being the hyperbolic space HV and ug bounded and nonnegative.
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Parabolic problems - Riemannian manifolds

Problem (1) with p = 2 has also been studied in [Bandle, Pozio, Tesei, JDE 2011]

with M being the hyperbolic space HV and ug bounded and nonnegative.

The authors show that, if
V=V(t)=e" (a>0),
then blow-up can occur. More precisely, they prove that

e if 1 < g < g, every nontrivial solution blows up in finite time;

e if g > q., the problem possesses global solutions for small initial data;

with
o
dc = 1 + Ka
where A = (NZI)Z is the bottom of the L? spectrum of —A in HV.
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Parabolic problems - Riemannian manifolds

In [Mastrolia, Monticelli, Punzo, Math. Ann. 2017] it is studied problem

ur — div(|VulP=2Vu) > V(x, t)u? in M x (0,00), )
u=uy>0 in M x {0},

where M is N—dimensional, complete, noncompact Riemannian manifold. Here
p>1,g>max{p—1,1},

V =V(x,t)>0ae. in Mx(0,00), V€L (Mx(0,00))

and the initial condition up € L] _ is nonnegative.
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Parabolic problems - Riemannian manifolds

¢ Nonexistence of global in time solutions, is shown under suitable
weighted volume growth conditions,

with weight a suitable power of the potential V.
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Parabolic problems - Riemannian manifolds

¢ Nonexistence of global in time solutions, is shown under suitable
weighted volume growth conditions,

with weight a suitable power of the potential V.

e In particular, there exists no global nonnegative weak solution for p = 2, i.e.
for the Laplace operator, if V =1 and

Vol(Bg) < CR#1(log R)#1.
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Introduction

Let us mention some of the results in literature where the elliptic counterpart of
equation in (1) has been considered.

Both in the Euclidean setting and on Riemannian manifolds, the parabolic case

presents substantial differences with respect to the elliptic one. In fact, different
test functions have to be used, as well as different a priori estimates.
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Elliptic equations - Euclidean setting

In [Mitidieri, Pohozaev, Milan J. Math. 2004] the following class of inequalities is
studied:

div (|[VulP~?Vu) + V(x)u? <0, in RV (3)

where

V>0ae onRY Vell (RV), p>1, ¢>max{l, p—1}.
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Elliptic equations - Euclidean setting

In [Mitidieri, Pohozaev, Milan J. Math. 2004] the following class of inequalities is
studied:

div (|[VulP~?Vu) + V(x)u? <0, in RV (3)
where

V>0ae onRY Vell (RV), p>1, ¢>max{l, p—1}.

They show that it does not admit any global nontrivial nonnegative solution

e provided that

. _ 2 _ 1
liminf R~ a1 / V7T dx < oo
R—+o0 BﬁR\BR

e or, if V =1, provided that

N(p-1)

N>p and 0<p—-1<g<
N—p

Observe that this can be read as a condition relating the volume growth of
Euclidean balls, which depends on N, and the exponent of the nonlinearity.
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Elliptic equations - Riemannian manifolds

The same equation has been considered in the case of general complete,
noncompact Riemannian manifolds M of infinite volume and dimension N.

In [Mastrolia, Monticelli, Punzo, Calc. Var. PDEs, 2015] it is investigated the

influence of the geometry of the underlying manifold and of the potential V on the
existence of positive global solutions.
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Elliptic equations - Riemannian manifolds

The same equation has been considered in the case of general complete,
noncompact Riemannian manifolds M of infinite volume and dimension N.

In [Mastrolia, Monticelli, Punzo, Calc. Var. PDEs, 2015] it is investigated the
influence of the geometry of the underlying manifold and of the potential V on the
existence of positive global solutions.

The authors show nonexistence of global positive solutions under suitable weighted
volume growth conditions with weight V. E.g. nonexistence holds provided that
there exist Gy > 0, k € [0, 8) such that, for every R > 0 sufficiently large and
every € > 0 sufficiently small,

/ V—5+5 d/~L < C Ra+C05(|og R)k;
Br\Bg/2

where
p—1
g—p+1

pq

azi’ =
qg—p+1 :
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Elliptic equations - Riemannian manifolds

Finally let me mention the work of [Monticelli, Punzo, Sciunzi, J. Geom. Anal.
2017]. The aim of this paper is to study nonexistence of stable, possibly sign
changing solutions of the elliptic equation (3) on Riemannian manifolds.
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Elliptic equations - Riemannian manifolds

Finally let me mention the work of [Monticelli, Punzo, Sciunzi, J. Geom. Anal.
2017]. The aim of this paper is to study nonexistence of stable, possibly sign
changing solutions of the elliptic equation (3) on Riemannian manifolds.

The authors show that no nontrivial stable solution exists, provided that a
condition on the growth of V is satisfied, i.e. there exist C, Cy, Ry, g9 > 0 such
that, for every € € (0,£9) and R € (Ry, o) one has

/ V=Atedy < C R %% (log R) L,
Br\Bg/2
for some positive @ and 8 depending on p, g.

The proof of such result rely on the construction of an appropriate family of test
functions, depending on two parameters. (This choice is similar to our).

Giulia Meglioli Nonexistence of global solutions 12/38



Our problem

ue — div (|[VulP™2Vu) > V u? in Q x (0,7)
u>0 on 99 x (0,7)
u > ug in Q x {0};

e up € L}, (), nonnegative;

o Vell (2x][0,4)), V>0a.e. in Qx[0,+0c0);

loc

e p>1,g>max{l,p—1}.

Goal: prove nonexistence of global solutions under suitable integral conditions
involving V/, p and gq.
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Integral conditions on V

Let 01 > 1, 6, > 1, for each § > 0 we define

Es = {(x,t) €2 x [0,00) : d(x)"%+t" <5 %},
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Integral conditions on V

Let 01 > 1, 6, > 1, for each § > 0 we define

Es = {(x,t) €2 x [0,00) : d(x)"%+t" <5 %},

Moreover let 1
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Integral conditions on V

Let 6; = 0, = 1 then, for any § > 0 sufficiently small
Es = (xt)eQx[0+oo)-i+t<
5 -— 5 ) . d(X) >~

| =

b
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Integral conditions on V

Let 6; = 0, = 1 then, for any § > 0 sufficiently small

[y

&r—&&ﬂeﬁxm+m):£h+t<5}

So that we can write: d(x) > (0<t< ).

1-6¢’
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Integral conditions on V

Let 6; = 0, = 1 then, for any § > 0 sufficiently small

£ |
] 'l 84_> g-Z/
fh Yy
2
4 | ! - | — —
i \ : t‘sic tg&
I '|
\ )
L a
Giulia Meglioli
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Integral conditions on V

We say that condition (HP1) holds if:
there exist 1 > 1,0, >1, Co >0, C >0, & € (0,1) and g9 > 0:

e forsome 0 < s < %5

// HO (5 =) =71 te dxdt < o5 5F |log(5)[*
Es\Es

for any ¢ € (0,dp) and for any € € (0, ¢p);
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Integral conditions on V

We say that condition (HP1) holds if:
there exist 1 > 1,0, >1, Co >0, C >0, & € (0,1) and g9 > 0:

e forsome 0 < s < %5

// HO (5 =) =71 te dxdt < o5 5F |log(5)[*
Es\Es

for any ¢ € (0,dp) and for any € € (0, ¢p);

e forsome 0 < 55 < &

/ / d(x) O DP(=5m ) V=52 e < Co—5—OF [log(8)[*
E%\EJ

for any ¢ € (0,dp) and for any € € (0, o).
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Integral conditions on V

In order to reach the maximum rate given by 5, and 54, one can write the following
alternative integral condition.
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Integral conditions on V

In order to reach the maximum rate given by 5, and 54, one can write the following
alternative integral condition.
We say that condition (HP2) holds if: there exist 61 > 1,6, > 1, G >0, C > 0,
9o € (0,1) and g9 > 0:

e for any d € (0,dp) and for any € € (0,&q)

// t(el_l)(ﬁk) vV~ 1L dxdt < Co oG |Iog(6)|§2 :
Eg\Es

17/38
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Integral conditions on V

In order to reach the maximum rate given by 5, and 54, one can write the following

alternative integral condition.
We say that condition (HP2) holds if: there exist 61 > 1,6, > 1, G >0, C > 0,

9o € (0,1) and g9 > 0:
e for any d € (0,dp) and for any € € (0,&q)

// t(el_l)(ﬁk) vV~ 1L dxdt < Co oG |Iog(6)|§2 :
Eg\Es

e for any § € (0, ) and for any € € (0, &)

[ db RSy g < 5756 Jog(a)*
Es\Es

17/38
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Main result

Definition 1

Let p>1, g>max{p—1,1}, V € L} (2 x [0,400)), V >0 a.e. in
Q x (0,400) and up € L}, (), up > 0 a.e. in Q. We say that
ue WEP(Q x [0,+00)) N LY (Q x [0, +00), Vdxdt) is a weak solution of problem

(1) if u> 0 a.e. in Q x (0,+00) and for every ¢ € Lip(Q2 x [0,00)), ¢ > 0 and
with compact support in Q x [0, c0), one has

/ /qucpdxdtg/ /|VU\P*2 (Vu, V) dxdt
0 Q 0 Q

—/ /ugot dxdt—/ up ©(x, 0) dx.
0o Ja Q
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Main result

We can now state our main results.
Theorem 1 (M., Monticelli, Punzo, Calc. Var. and PDEs (2022))

Let p>1,g>max{p—1,1}, Ve Ll (2 x[0,+)), V>0 ae. in

loc

Q x (0,400) and up € L}, (), up > 0 a.e. in Q. Assume that either condition
(HP1) or condition (HP2) hold.

If uis a nonnegative weak solution of problem (1), then u =0 a.e. in Q x (0, +00).

As a consequence of Theorem 1 we can state the following Corollary.
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Further results

We consider those potentials V' such that V € L} _(Q x [0,+00)) and satisfy
V(x,t) > h(x)g(t) fora.e. (x,t) € Q x(0,+00), (5)

where h: Q — R and g : (0,400) — R are such that

h(x) > Cd(x)™ (log (1+d(x)™1)) ™"  forae xcQ, (6)
0<g(t)<C(1+41)” for a.e. t € (0,+00), €

with 0'1,51701 Z 0, C>0.
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Further results

Corollary 1 (M., Monticelli, Punzo, Calc. Var. and PDEs (2022))

Let p>1, g > max{p—1,1} and up € L} (), up > 0 a.e. in Q. where h and g

satisfy (6) and (7) respectively. Let V be as in (5) and suppose that
v 1
/ g(t) a1 dt < CT7 (log T)52 ,
0

;
/ g(t) 77 dt < CT,
0

for T>1,02,a4,(52203nd(:>0.
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Let p>1, g > max{p—1,1} and up € L} (), up > 0 a.e. in Q. where h and g

satisfy (6) and (7) respectively. Let V be as in (5) and suppose that
v 1
/ g(t) a1 dt < CT7 (log T)52 ,
0

;
/ g(t) 77 dt < CT,
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e 01 >q+1;
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Further results

Corollary 1 (M., Monticelli, Punzo, Calc. Var. and PDEs (2022))

Let p>1, g > max{p—1,1} and up € L} (), up > 0 a.e. in Q. where h and g

satisfy (6) and (7) respectively. Let V be as in (5) and suppose that
v 1
/ g(t) a1 dt < CT7 (log T)52 ,
0

;
/ g(t) 77 dt < CT,
0

for T > 1, 0p, 04, 0o > 0 and C > 0. Finally assume that
e 01 >q+1;

e 0<or < I

e 01<1 and & <4

If uis a nonnegative weak solution of problem (1), then u =0 a.e. in Q X [0, 00).
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Sketch of the proof

We have said that the proof relies on the method of properly constructed test

functions. In particular, these test functions depend on two parameters. We
consider the case of assumption (HP1).
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Sketch of the proof

We have said that the proof relies on the method of properly constructed test

functions. In particular, these test functions depend on two parameters. We
consider the case of assumption (HP1).

Step 1)

e For any § > 0 sufficiently small, let o := Ioéﬁ < 0. We define for any
(x,£) € Q x [0, +)

1 in E§
ps(x,t) =4 [d(x)~0 4+ ¢85 c-
|:592:| n (E(5)
where (G B )
C > (G+62+1)
0>q
with Cp > 0, 61,60, > 1 as in the growth conditions on V and

Es = {(x,t) € Q x [0,400) : d(x)"%+t" <},
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Sketch of the proof

e Moreover, for any n € N we define

1
0 5\ "
P 272 1 e —6> 01
M(X; t) i= 4 587 — 53— <n) [d(x) % + t]
0
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Sketch of the proof

e Moreover, for any n € N we define

5\
nn(Xv t) = % - ﬁ <) [C/(X)it92 + tel]

e Then finally we take

Ys.n(x, t) = na(x, t) @s(x, t).
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Sketch of the proof

Step 2)

q—1’ gq—p+1

/ / V udte g3 dx dt.
o Ja

e Let s > max {1, 4. P4 } We consider the quantity
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Sketch of the proof

Step 2)

e Let s > max {1, ﬁ, q_p,j+1 } We consider the quantity

/ / V udte g3 dx dt.
o Ja

e By means of suitable a priori estimates we show that

)

o0
(p=1)q |
/ /Vu“aw;ndxdrs Claf~e= [alﬁ’ﬁﬂ—ﬂ—wn-m
o Ja '

N0

()

+C®M F1% 4o ath
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Sketch of the proof

Step 3)

e By taking the limit as n — oo for fixed small enough § > 0, we get

o0
0< // V u9T% dxdt < / / V 9 3 dxdt
Es 0 Q

< ¢ [jaf#F= 4 jaf ).
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Sketch of the proof

Step 3)

e By taking the limit as n — oo for fixed small enough § > 0, we get

o0
0< // V u9T% dxdt < / / V 9 3 dxdt
Es 0 Q

< ¢ [jaf#F= 4 jaf ).

Step 4)
e Due to the definitions of s, and s; in the growth conditions on V/, we observe
that 1
p—
—— —5>0, —— —5>0
g-1 7 g-p+1

Hence we can take the limit as § — 0, and thus e — 0~, obtaining by

Fatou's Lemma -
/ / V u? dxdt = 0,
0o Ja

which concludes the proof.
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Further results

As a special case, we have also considered the semilinear parabolic problem
obtained from problem (1) for p =2

ug — Au = Vuf in Qx(0,T)
u=0 on 9Q x (0, T) (8)
u=up in Q x {0}.

Here Q c RN, N >3, g > 1. The previous assumptions on ug and V are made.
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Further results

As a special case, we have also considered the semilinear parabolic problem
obtained from problem (1) for p =2

ug — Au = Vuf in Qx(0,T)
u=0 on 9Q x (0, T) (8)
u=up in Q x {0}.

Here Q c RN, N >3, g > 1. The previous assumptions on ug and V are made.
Depending on the rate of blowing up of V at the boundary 02, we show

nonexistence of nonnegative global solutions to (8) versus existence of a global
solution.
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Further results

Results are new also for p = 2, indeed from our general result we get the following

Corollary 2 (M., Monticelli, Punzo, Calc. Var. and PDEs (2022))

Let up € L},.(2), up > 0 a.e. in Q. Suppose that V € L} () satisfies, for some
C > 0and fora.e. x € Q2

V(x) > Cd(x)™? with 0 >qg+1. (9)

If uis a nonnegative weak solution of problem (8), then u =0 a.e. in S.

We aim at investigating optimality of condition (9).
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Our results - Problem 111

Theorem 2 (M., Monticelli, Punzo, Calc. Var. and PDEs (2022))

Suppose that 92 is smooth and let up € C(R), up > 0 in Q, be sufficiently small.
Moreover let V = V/(x) € C(Q2), V > 0in Q and assume that for some C > 0, for
any x € Q

V(x) < Cd(x)™° with0<o<qg+1.

Then problem (8) admits a classical solution u in Q x (0, +00).
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Sketch of the proof

The proof relies on the construction of sub- and supersolution.
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Sketch of the proof

The proof relies on the construction of sub- and supersolution.

Step 1)
e We construct a supersolution T to problem (8).
Let us define, for any A > 0
Sa={ve ) :0<v(x)<Ad(x), Vx € Q};

and T : S5, — S, such that
Tu(x) = A7 /Q Glx,y)dy + /Q G,y )V(y)v(y) dy.

where G(x, y) is the Green function associated to the Laplacian operator —A.
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Sketch of the proof

Step 2)
o Let ¢(x) := [, G(x,y) d(y)” dy, then, by the regularity of 9, we prove
Lemma 1

Suppose that
8> —1.

Then, there exists ¢ > 0 such that
0 <9(x) < cd(x) forany x € Q.

By means of Lemma 1, we prove that

e Tv:Q — Ris continuous, thus T : S\ — S, is well defined;
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Sketch of the proof

Step 3)

Lemma 2

Suppose that
B> —2.

Then, there exist M > 0 such that
0<¢(x) <M forany x € Q.

By means of Lemma 2, we prove that

e T is a contraction map for A > 0 small enough.
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Sketch of the proof

Therefore, there exists ¢ € Sy such that ¢ = T, i.e.
e 0<y(x)<\d(x) forany xeQ;

e ( is a solution of

—Ap = N4 Vi in Q
=0 on 00

e p>0in € dueto A >0.
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Sketch of the proof

Step 4)
e We show that T = ¢ is a supersolution to problem (8) provided that wug is
small enough.
o We set the subsolution u = 0.

e We conclude that there exists a solution u : Q x [0,4+00) — R of problem (8)
such that B
0 < u(x) <T(x) forany x € Q.

This concludes the proof.
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Further results

Our results do not cover the case of critical rate of growth, i.e.
V(x)=d(x)"7 ! forall xeQ,

but we conjecture that also in this case no nonnegative nontrivial solution of
problem (8) exists.

Giulia Meglioli Nonexistence of global solutions 34/38



Further results

Our results do not cover the case of critical rate of growth, i.e.
V(x)=d(x)"7 ! forall xeQ,

but we conjecture that also in this case no nonnegative nontrivial solution of
problem (8) exists.

However, we study the slightly supercritical case
V(x) =d(x)"7f(d(x)) forall xe€Q,

where f is such that lim._,o+ () = 400, for which we prove nonexistence of
solutions.
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Further results

Theorem 3 (M., Monticelli, Punzo, Calc. Var. and PDEs (2022))

1
loc

Suppose that up € L
some C > 0

() with up > 0 a.e. in Q. Assume that V satisfies for

V(x) > Cd(x)"97f(d(x)) forae xcQ,

where £ : (0, 4+00) — [1, +00) is such that lim._o+ f(g) = +00. If uis a
nonnegative weak solution of problem (8), then u =0 a.e. in Q x (0, +00).

The proof of Theorem 3 is different to the previous nonexistence result.
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Further results: sketch of the proof

e We introduce the Whitney distance § : Q — R™, it is a C>°(Q) function
regardless of the regularity of 02 such that

o td(x) < (x) < g d(x),
V(x)| < 0, (10)
|AS(x)| < 6 (x), forall x€Q.

e We use the test functions

e (x, t) == g=(3(x)) n(t),

where 0 < <1, n=1in[0,3f(c)], suppn C [0, f(c)) and —
and g. : [0,00) > Rsuchthat 0 < g. <1, g. =1in [, +0),
suppg: C [§,+00), 0 < g/ < < and [g/| < & for some constant C > 0.

i <n <0
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Further results: sketch of the proof

e By using ¢. as test function, we show that

+o00
/ / u?V dxdt < +o0.
0 Q
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Further results: sketch of the proof

e By using ¢. as test function, we show that

+o00
/ / u?V dxdt < +o0.
0 Q

Q. = {x€Qd(x) >¢e}; K.=Q.x [O7 f(;)] ; Sk, = (2% [0,+00)) \ K- .

o Define

Observe that ¢. =1 on K..
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Further results: sketch of the proof

e By using ¢. as test function, we show that

+o00
/ / u?V dxdt < +o0.
0 Q

Q. = {x€Qd(x) >¢e}; K.=Q.x [O7 f(;)] ; Sk, = (2% [0,+00)) \ K- .

o Define

Observe that ¢. =1 on K..

e By means of suitable a priori estimates we show that

// utVdxdt < C // u?V dxdt .
Ke Ske
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Further results: sketch of the proof

e By using ¢. as test function, we show that

+o00
/ / u?V dxdt < +o0.
0 Q

Q. = {x€Qd(x) >¢e}; K.=Q.x [O7 f(;)] ; Sk, = (2% [0,+00)) \ K- .

o Define

Observe that ¢. =1 on K..

e By means of suitable a priori estimates we show that

// utVdxdt < C // u?V dxdt .
Ke Ske

e Finally, letting £ — 0 we obtain

“+oo
/ /qudxdt =0.
0 Q
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Thank you!
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