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Recall the following classical result.

Theorem (Calderén & Zygmund 1952)

Consider a domain 2 C R” and some 2 < p < co. Then for any (weak) solution of the
Poisson equation

Au="finQ,
we have the sharp implication

felP(Q) = ue W2P(Q).

loc

Possible approaches: Singular integrals, Fourier multipliers, Geometric (level set decay)...

Question: What happens if we replace the Laplacian by more complicated operators?
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2n
Next, given f € L#+2(Q), we consider weak solutions u € W12(Q) to equations of the
form

div(bVu) =f in Q C R", (1)
where b : Q2 — R is measurable such that

A1 < b <A for some A > 1.

) - 1,2+¢
Meyers: If f € L7 (Q) for some p > 2, then u € W,

ocC

To prove more regularity of u, we need to impose more regularity on b.
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(Q2) for some € = &(n, p,\) > 0.
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Definition
Define

0<r<p,xeQ

nba(p) == sup ][ |b(y) — b, (x)| dy,
B.(x)CQ Br()

where bg, (4) = JfB,(x) bdx. We say that b belongs to VMO(Q) if

lim 75,0(p) = 0.
p—0

Clearly, b € C(2) = b € VMO(Q).

However, not every VMO coefficient is continuous. For example,
b(x) = sin (|log(|x])|*) + 2
is VMO for o € (0, 1), but discontinuous at the origin.
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Theorem (Di Fazio 1996)
Let 2 < p < 0o. If b € VMO(S), then for any weak solution u € W12(Q) of
div(bVu) = f in Q,

we have the implication

felms(Q) = ue WLP(Q).

loc

Many further contributions by Caffarelli, Peral, lwaniec, Sbodorne, Kinnunen, Zhou, Byun,
Wang, Acerbi, Mingione, Duzaar, Krylov, Dong, Kim, Ok, Mengesha, Diening, Balci,....

Higher differentiability?
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Counterexample: In the one-dimensional case when n =1, u(x fX b‘Z'; solves

(b/) = 0.
Since v’ = 1/b, higher differentiability of v’ requires higher differentiability of b.

— No differentiability gain attainable under VMO or even continuous coefficients!

If the coefficient is Lipschitz, then the classical Calderén-Zygmund regularity remains valid.

Theorem (e.g. Gilbarg & Trudinger, Theorem 8.8 + Theorem 9.11)

If b€ CO(Q), then for any weak solution u € W12(Q) of div(bVu) = f in Q and any
2 < p < 0o, we have the implication

felP(Q) = ue W2P(Q).

loc
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For s € (0,1), the fractional Laplacian of u: R" — R is formally defined by

(87U = Cropv. | wdy

For example by classical Fourier methods, it is possible to prove the following.

Theorem
Consider a domain 2 C R” and 2 < p < co. Then for any (weak) solution of

(=A)Yu="finQ,
we have the sharp implication
2s,
felP(Q) = ue W 2P(Q).

Question: What about more general fractional/nonlocal operators?
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Fix s € (0,1). We consider equations of the form

Lau="fin QCR",
where

A(x,y)
LAU(X) = p.v. /n W(U(X) - U(y))d_y
is a nonlocal operator.

Here A: R” x R" — R is a measurable and symmetric coefficient that satisfies
A< A(x,y) < Aforall x,y € R" and some A > 1.
Note that for A= G, s, we recover the fractional Laplacian (—A)°.
Simon Nowak
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For s € (0,1) and p € [1,00), define the fractional Sobolev space

p
WeP(Q) = {UELP ‘// ul x—y |n+sp| dydx<oo}.

::[W] WS:P(Q)

Given f € L%(Q), u € WS2(R") is a weak solution of Lau = f in Q, if

/n/n ‘X— |n+25 (X)_ u(y))((p(x)—so(y))dde:/S;f(pdx VQOE C(())O(Q)

Further regularity? Many results on Holder regularity e.g. by Kassmann, Caffarelli, Chan,
Vasseur, Di Castro, Kuusi, Palatucci, Ros-Oton, Serra, Cozzi, Brasco, Lindgren, Schikorra,
De Filippis, Fall, Bonforte, Figalli, Vazquez, Chaker, Kim, Weidner,...

What about Sobolev regularity?
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Theorem
If f e L#;P(Q) for some p > 2, then u € VV,Z?QJF‘E(Q) for some € = ¢(n, s, p,\) > 0.

B
B

The improvement of differentiability under such irregular coefficients is a purely nonlocal
phenomenon!

Question: If A is more regular, can the integrability gain and more interestingly,
can the differentiability gain be improved to larger exponents?
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Theorem (T. Mengesha, A. Schikorra, S. Yeepo, Adv. Math. 2021)

If A€ C* for some o > 0, then for any weak solution u € W*2(R") of Lau = f in Q, any
p € (2,00) and any s < t < min{2s, 1}, we have

f e L= (Q) — ue WEP(Q).

loc

The proof relies on commutator estimates inspired by

B

Question: Does this result remain valid if A € VMO?
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Theorem (S. Nowak 2022)

If Ac VMO(Q x Q), then for any weak solution u € W*2(R") of Lau = f in Q, any
p € (2,00) and any s < t < min{2s, 1}, we have

f el (Q) = ue WSP(Q). (2)

loc

Extensions: (2) remains valid, if A is sufficiently small in BMO, or if
A(x,y) = a(x — y) for some measurable a: R” — R with A=t < a <A,
The results also remain valid for nonlinear equations with linear growth.

B
B
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For s <1/2, we almost match the optimal Calderén-Zygmund-type regularity for the
fractional Laplacian, despite the presence of a discontinuous coefficient!

Corollary (S. Nowak 2022)

If A€ VMO(Q x Q) and s € (0,1/2], then for any weak solution u € W*2(R") of
Lau=fin Q and any 2 < p < oo, we have the implication

felP(Q) = ue W2 P(Q) for any e > 0.

In particular, observe that the case p = 2 is included.
< Pure higher differentiability result under VMO coefficients.
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Instead of Lau = f, we focus on equations of the type Lau = (—A)°g.

__m . . 25,
If f € L7#@-97(Q), then there exists a weak solution g € W, [ ""* 7 (Q) — W/.P(Q) of

(=A)’g="finQ.
Therefore, it suffices to prove the implication

gEWP(Q) = ue WP(Q).

loc loc

Auxiliary equation

We do so by adapting and combining techniques introduced in

B
B
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For 6 € (0,min{s,1 — s}), we define a locally finite doubling measure z on R?":

J(E) :_/E dxdy

|x — y|m=20
For u: R" — R, we define the gradient-type function U : R” x R" — R,

Uiy = 10—

For any p > 2 and 5::54—0(1—%) > s,
ue WSP(Q) <= uelP(Q)and U e LP(Q x Q,u).
Proving higher integrability of U w.r.t. i implies higher differentiability of u!

Thus, as a first step we focus on proving U € L (Q x Q, ).

loc
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We approximate our weak solution u of Lau = (—A)°g in By (xp) by a solution v of

Lzv=0 in B (x0)
vV =u a.e. in R” \ B2r(XO)’

Alx,y) i= {Axw if (x,y) € Br(x0) x Br(x0)
’ - A(X’y) if (Xay) ¢ Br(XO) X Br(XO),

Since s + 0 < min{2s,1}, by previous results v € C:"%(B,(xp)). Since A is VMO,

loc

w(A— ZXM) ::][ ][ |A(x,y) — ZXOV,]dydx
r(XO) r(XO)

is small whenever r is small.

Testing with w :=u—v € Wos’z(Bzr(xo)) along with applying the Kuusi-Mingione-Sire
estimate to u then leads to [w]yys2(gny being small whenever r is small.
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Idea: Prove sufficiently fast decay of the level sets Ey := { M, (U?) > N2)\?} C R?",
We cover Ey by dyadic cubes K = K x Ky in R?" with p(Ex N K) > eu(K) and

w(Ex) S 52,u(/€)7 e > 0 to be chosen.

Diagonal case: If dist(Ki, K2) is small, then 1(K) can be controlled by using the

C,f;ge estimate for the approximate solution.

Off-Diagonal case: If dist(Ki, K>) is large, then no useful comparison estimate is
available! Nevertheless, combining certain reverse Holder inequalities with involved
combinatorial arguments still allows to control the measures of such cubes.

For any p > 2, the level set decay then yields

1 1
<][ Upd/J,> ’ < <][ Gpdﬂ> "+ WS2tail terms.
B 2B
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We have arrived at the following intermediate result.
Theorem
Let p € (2,00) and fix some t such that

2(171), ifs<1/2
s§t<{s - ifs<1/
1

2—2s :
—T, |f5>1/2

If A€ VMO(Q x Q), then for any weak solution u € W*2(R") of the equation
Lau = f in Q, we have the implication

="l (3)

__nmp

fely® Q) = ue WEP(Q).

loc

B

Simon Nowak Sobolev regularity for nonlocal equations with VMO coefficients 17/21



UNIVERSITAT

BIELEFELD Sharp higher Holder regularity by embedding
Faculty of Mathematics
By embedding, the restricted W,Zf regularity already implies sharp higher Holder regularity.
Theorem
Let f € L} () for some g > 5-. If A VMO(Q x Q), then for any weak solution
u € WS2(R") of Lau = f in Q, we have
2s—12 .
e Croe 1 (), if2s— 2 <1
2c(Q) Vae(0,1), if2s— g > 1.

For 2s — g < 1, the result is sharp already in the case of the fractional Laplacian.

For 2s — 2 > 1, we also expect the result to be sharp, since already weak solutions of
div(bVu) = 0 are in general not Lipschitz if b is merely continuous, see

B
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To further improve the differentiability gain, we consider dual pairs of higher order.

Forany s <a <s+6 <min{2s,1} and 0, :=s+ 60 — o,

dx dy
£ |x — y[r20e’

|u(x) — u(y)|

fa(E) = Ua(x,y) := [x — y|otba

Foranyp>2and&::a+9a<1—%)>a,

ue WP(Q) <= ue LP(Q)and U, € LP(Q X Q, j1a).
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Suppose that g € WEP for some p>2, s <t< min{2s,1} and that u solves

loc

Lau = (—A)°g in some ball B, and let v be the solution of

Lav=0 inB

_ RN (4)
v=u a.e. in R"\ B.

w = u— v solves Law = (—A)®g, so that by the previous case when o = s we obtain

(W] per2 S [wlwse + [glwerm + tail terms
forany m > 2 and oy ::s+0(1—%) > s.
. O : .
Since v € C,f)te = Cgf_ !, adapting the above covering procedure leads to
Un, € LP(f10,). In particular, u satisfies a W2:P estimate for some ap > oy,
improving the differentiability gain.

Iterating this procedure finitely many times leads to u € W,gf(Q) as desired.
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For local equations div(bVu) = f with b € VMO, we have

ue wh?, feL"*C" — ue WLP V2 < p< oo,
but in general no higher differentiability.

For nonlocal equations [, %(u(x) —u(y))dy = f with s € (0,1), A € VMO,

_np
ue W2 fell® P —= ue WP V2<p<oo, s<t<min{2s,1},

loc

gaining also higher differentiability — Purely nonlocal phenomenon.

Result remains true for nonlinear nonlocal equations.
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