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g,'é:_‘ﬁ'éf_g“ Introduction: Setup

Fakultat fir Mathematik

Study weak solutions v : / x RY — R to
Ou—Lu=0 inlxQ=Q. (PDE)

o | C R bounded open interval, Q C R? bounded domain.
o L is a linear, nonsymmetric, nonlocal operator of the form

— Lu(t,x):=2 p.v. /}Rd(u(t,x) — u(t,y))K(x,y)dy. (L)

o jumping kernel K : RY x RY — [0, co] is measurable,

o K does NOT necessarily satisfy K(x,y) = K(y, x),
o Example: K(x,y) = c(x,y)|x —y|797, a €(0,2), c: R x RY — [\,A], 0 < XA < A < oo.

Goal: Derive Holder estimates for weak solutions u to (PDE) under certain assumptions on K.
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g,'é:_\ﬁ:ﬁg” Introduction: Bilinear form

Fakultat fir Mathematik

Study weak solutions v : / x RY — R to

Ou—Lu=0 inlxQ=Q, (PDE)
Lu(t,x) =2 p.v./ (u(t,y) — u(t,x))K(x,y)dy. (L)
R4
Via the relation £X(u(t), ¢) := —(Lu(t), $)2(re), associate to L a bilinear form.

Then the weak formulation of (PDE) reads:
(Oru(t), ®)2(rey + EX(u(t),¢) =0, Vtel,
for every ¢ in a suitable test function space with supp(¢) CC Q.
eX(r.g) =2 | (F) = Fy)a(K (x. )y
= //]Rde(f(X) — f(¥))(g(x) — g(¥))Ks(x, y)dydx + '//Rdmd(f(X) — f(y))(g(x) + g(y))Ka(x, y)dydx
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g,'é:_\ﬁ'éf_g” Introduction: Goal

Fakultat fir Mathematik

Study weak solutions v : / x RY — R to
Oiu—Lu=0 inlxQ=:Q. (PDE)
Goal: Derive Holder estimates for weak solutions u to (PDE) under certain assumptions on K.

Definition (Holder regularity PHR(«))

We say that PHR(«) is satisfied by L (or by K) if there exists C > 0 such that for every weak
solution u to (PDE) in @, and every 0 < R <1, to > 0, xop € RY with

Qf(?a) o= I}(?a)(to) X BQR(XQ) C Q:

sup u(t, x) —u(s, )| _ 4l oo ) 1) <2

< , (PHR)
(), (s)e@rye (IX — ¥ + |t = s|1/)7 CRY

where 1)(t)) = (to — R, to + R*) and v € (0,1) is the Hélder exponent.
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I ITAT . .
g.'é._\{;EF'Ef_SA 2nd order divergence form operators (symmetric)

Fakultat for Mathematik

Let A= (Aj,k)j.'lk:l : Q — RY*9 measurable, s.t. A(x) is a symmetric matrix for every x € Q.
Study ’

Oru(t, x) — div(A(x)Vu(t,x)) =0 in Q. (PDE,)
Assume:
o Thereis A > 1s.t. for a.e. x € Q, every £ € RY:
NTHER < 30 e Ark()€i6i < NEP. (Aer)

Theorem (Holder regularity (Nash 1957; De Giorgi 1957; Moser 1964))
Let A be as above. Then there is v € (0,1), C > 0 s.t. for every weak solution u to (PDE,) in Q
and every Q,(f) CQR0<R<LI:

t,x) — -
sup |u(t, x) U(S»}l’)2| < Jull, Q@ (PHR)
(£0.(s7)€Q), (Ix =yl + [t — 5[*/2) CRY

= PHR(2) is satisfied for L = div(A- V).
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I ITAT . .
g.'é._\{;EF'Ef_SA 2nd order divergence form operators (symmetric)

Fakultat fir Mathematik

Let A= (Aj,k)j.'lk:l : Q — RY*9 measurable, s.t. A(x) is a symmetric matrix for every x € Q.
Study ’

Oru(t, x) — div(A(x)Vu(t,x)) =0 in Q. (PDE,)
Assume:
o Thereis A > 1s.t. for a.e. x € Q, every £ € RY:
ATHEP < 37 Ak(X)Ek < NEP. (Aen)

Theorem (Harnack inequality (Moser 1964))
Let A be as above. Then there is C > 0 such that for every weak solution u to (PDE,) in Q,
with u > 0 in Q, and every Q,(f) CQR,0<RL1:

supu < Cinfu (PHI)

QY Q7

= PHI(2) is satisfied for L = div(A- V).
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I ITA . .
LBJEL\{;EF'S_SAT 2nd order divergence form operators (symmetric)

Fakultat fir Mathematik

Let A= (Aj,k)j.'lk:l : Q — RY*9 measurable, s.t. A(x) is a symmetric matrix for every x € Q.
Study
ru(t,x) — div(A(x)Vu(t,x)) =0 in Q. (PDE,)

o Note that parabolic Harnack (PHI(2)) = parabolic Holder (PHR(2)).

o Main ingredients in Moser's proof: Sobolev- and Poincaré inequality

120,22 5y < U1y + R0 ) (Sob)

/B (F(x) — [la,)?dx < CR2|VF |2, (Poinc)
R
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g,'é:_‘ﬁ'éf_g“ 2nd order divergence form operators

Fakultat fir Mathematik

Let A= (Ajk)] s 1 Q= BRI, b= (b))d

q.d = (a'J-)J‘-’=1 : Q — RY measurable. Study

Oru(t, x) — div(A(x)Vu(t, x)) — div(b(x)u(t, x)) + d(x)Vu(t,x) =0 in Q. (PDEa,b.q)

Assume that A satisfies (Aer).
o |b%,|d|? € LY(Q), 6 € (d/2,00] = elliptic Holder EHR(2) (Morrey 1959)
o |b%,|d|? € L), 6 € (d/2,00] = parabolic Harnack PHI(2) (Trudinger 1967)
b2 € L9(Q),|d]> € LY?(Q) = elliptic Harnack EHI(2) (Stampacchia 1965)
b =0, |d]? € K9?(Q) = elliptic Harnack EHI(2) (Kurata 1994)
b =0, |d| € K91(Q) = parabolic Harnack PHI(2) (Zhang 1995)

©

© o o
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g,'é:_‘ﬁ'éf_g“ 2nd order divergence form operators

Fakultat fir Mathematik

Let A= (Aj )],y i1 x Q= R b= (b;)e

. d = (dj)J‘-j=1 . | x Q — R9 measurable. Study

Oru(t,x) — div(A(t, x)Vu(t, x)) — div(b(t, x)u(t, x)) + d(t,x)Vu(t,x) =0 in Q. (PDEZ7b7d)

Assume that A satisfies (Aer).
o [b2,]d|? € L}Y(Q), & + % <1 = parabolic Harnack PHI(2)
(Aronson-Serrin 1967, Ladyzhenskaya-Solonnikov-Ural'tseva 1968)
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g,'é:_\ﬁ'éf_g“ The fractional Laplacian

Fakultat fur Mathematik
Recall: We are interested in Holder regularity of weak solutions u to
Ou—Lu=0in I xQ=:Q, (PDE)

where L is of the form

Lu(t,x) =2 p.v. /}Rd(u(t,y) — u(t,x))K(x,y)dy. (L)

Example (Fractional Laplacian)
Consider L = —(—A)?/2 for some a € (0,2),

Lf(x) = cg,a p-v. /]Rd(f(y) — f(x))|x — y\_d_ady.
This corresponds to

K(x,y) = K(y,x) := c4.0/2|x — y\*d*a, Cdo < (2 — a)a.
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g.'é:_‘ﬁ%f_g“ Example 1: K-comparability (symmetric)

Fakultét fir Mathematik
Consider more general symmetric kernels K such that
o There is A > 1 such that for a.e. x,y € RY:

/\_1|X - )’|_d_a < K(x,y) <Alx _Y‘_d_a- (Kcomp)

Theorem (Chen, Kumagai 2003)

Let L and K be as above. Then there is v = ~v(d,\,a) € (0,1), C > 0 such that for every weak
solution u to (PDE) in Q and every Q%) € Q, 0 < R < 1:

sup lu(t,x) — u(57)1/)| < [|ull Lo (re)
(t,X);(S,y)EQg}; (|X - y| + |t = S| /0‘) CR’y

(PHR)

= PHR(«) satisfied for K(x,y) < |x — y|797.
o They also prove a Harnack inequality and heat kernel bounds (using stochastic process)
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g.'é:_\ﬁ:%f_g“ Example 2: £-comparability (symmetric)

Fakultat fir Mathematik

o Recall: We associate to L given by

~Lr() =2 pv. [ () = FY Ky (L)

the following bilinear form

eX(r) =2 [ (F) = FyaK (x )y

Let K be symmetric. Then one can write
eX(re) = [ [ (700 = F1)e() - K. y)aya.
For 0 < R <1, x € RY, define:

o= [ [ (00 - 1)K p)yd
Br(x0) 7 Br(x0)
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g.'é:_\ﬁ:%f_g” Example 2: £-comparability (symmetric)

Fakultat fir Mathematik

For 0 < R <1, xp € RY, define:

o= [ [ (F0 - K ydyds.
Br(x0) ¥ Br(x0)

Consider symmetric K such that
o There is A > 1 such that for every ball B C Q, 0 < R <1, f € L?(BR):

1[f‘]Hw/Z(BR < gBR(f f) < /\[f]Hu/2 (BRr) (gcomp)
Recall that

caa [ [ (00 = F0Px =y dydx = oy
Br J Br

o K(x,y) < |x — y|~972 satisfies (Ecomp)
o (Ecomp) allows for a much larger class of kernels K. See
o (Chaker, Silvestre 2020)
o (Dyda, Kassmann 2020)
o (Bux, Schulze, Kassmann 2017)
o Extension to u(x,dy)

Marvin Weidner Regularity estimates for nonlocal operators related to nonsymmetric forms

9/29



g.'é:_‘ﬁ%f_g“ Example 2: £-comparability (symmetric)

Fakultat fir Mathematik

Theorem (Felsinger, Kassmann 2013)

Let K be symmetric and such that for some o € (0,2), A > 1:
0 (Ecomp) Forevery ball Bk CQ,0< R<1,fe€ L?(Bg):

A_l[f]?-lﬂ/Z(BR) S 5§R(f—, f) S A[f]i,'ﬂ/Z(BR) (gcomp)

o (generalized upper bound) For every p > 0:

sup/ K(x,y)dy < Ap™“. (tail-est)
x€Q JRA\B, (x)

Then L satisfies PHR(«), i.e., weak solutions to O,u — Lu = O satisfy the Hélder estimate.

[

o Note that f]Rd\B 0 X — y|747ady < cp~.
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g.'é:_‘ﬁ%f_g“ Example 2: £-comparability (symmetric)

Fakultat fir Mathematik
(Felsinger, Kassmann 2013) relies on nonlocal Moser iteration:

0 (Ecomp) + (tail-est) = weak parabolic Harnack inequality
Definition (Weak parabolic Harnack inequality (wPHI(«)))

There exists C > 0 such that for every globally nonnegative weak supersolution to (PDE) in @
and every Q,(?a) CQR,0<R<LI:

1
—a u< Cinf u. (wPHI)
QR Jog QF

o wPHI(a) + (tail-est) = PHR(«).
o symmetry of K: (f(x) — f(y))(g(x) — g(y))-shape required for nonlocal " chain rules”.
Note that by (Ecomp):

2
1720 e

K — 2
.- C(SBR(f, f)+R ||fHL2(BR)), (Sob)

/B (f(x) — [flg.)?dx < CREL (f, ). (Poinc)
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I ITA . .
LBJEL\{;EF'S_SAT Regularity for (symmetric) nonlocal operators

Fakultét fir Mathematik
Further research works based on energy methods for symmetric nonlocal operators:
Holder estimates and Harnack inequalities (Moser / De Giorgi technique)

o (Caffarelli, Chan, Vasseur 2011), (Di Castro, Kuusi, Palatucci 2014, 2016), (Cozzi 2017),
(Strdmaquist 2019), (Chaker, Kassmann, W. 2019), (Chen, Kumagai, Wang 2020), (Ding,
Zhang, Zhou 2021), (Liao 2022), (Adimurthi, Prasad, Tewary 2022)...

Higher regularity / integrability:

o (Kuusi, Mingione, Sire 2015), (Cozzi 2017), (Brasco, Lindgren, Schikorra 2018), (Mengesha,

Schikorra, Yeepo 2020), (Nowak 2021, 2022), ...
Regularity theory via "non energy approaches”:

o Abatangelo, Abels, Bonforte, Caffarelli, Chang Lara, De Filippis, Davila, Dipierro, Endal,
Fernandez Real, Figalli, Grubb, Hoh, Jacob, Ros-Oton, Schwab, Serra, Silvestre, Valdinoci,
Vazquez, ...
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g,'é:_\ﬁ:ﬁg“ Nonsymmetric bilinear forms

Fakultat fir Mathematik

o K > 0 nonsymmetric, i.e., NOT necessarily K(x,y) = K(y, x).
We decompose K = K + K, where

Ks(x,y) = K(x.y) J2r K(y,X)a Ki(x,y) =

Note that: Ks(x,y) = Ks(y,x) >0, Ka(x,y) = —Ka(y, x).

K(X7y) — K(y,X)
2

o Recall: We associate to L the following bilinear form
EX(F.g) =2 / (F(x) — F(y))2(x)K (x, y)dydx.
]Rd ]Rd
Rewrite £K = €K + £Ka where
e(r.e)= [ [ (700 = F)et) — ) K (x aye
£ (f.g) = /R d /R (RO~ FE0) + 8()Ka(x, )y

Marvin Weidner Regularity estimates for nonlocal operators related to nonsymmetric forms 13/29



g,'é:_\ﬁ:ﬁg“ Nonsymmetric bilinear forms

Fakultat fir Mathematik

Rewrite £K = £Ks 4 €% where

e(r.e)= [ [ (700 = F)et) — ) (x )y
e(r.g) = [ [ (70— F)el) + 8K )dyde

Assume that K}, K, satisfy
o There exists A > 1 such that:

K 2
sup / Mdy <A. (K1)
xerd Jre Ks(x,y)

Then X satisfies a sector-type condition and Garding’s inequality:
1/2 1/2
EX(f.g) < (NE'(F,F)) " (£%(g.8) + llgli2) ™~
1 A
EX(F,£) = SE(F.F) = S Il

= Lévy int. on K;: (EX, F) is a reg. lower bounded semi-Dirichlet form (Schilling, Wang 2015).

Marvin Weidner Regularity estimates for nonlocal operators related to nonsymmetric forms

13/29



UNIVERSITAT
BIELEFELD
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Rewrite £K = £Ks 4 €% where

eir) = [ [ (00~
esirg)= [ [ (0=

Assume that K}, K, satisfy
o There exists A > 1 such that:

Nonsymmetric bilinear forms

K 2
sup / | a(X,Y)| dy <A.
xeRd Jre Ks(x,y)

= &X(u, ¢) is well-defined for
o uc VK (BR(X0)|Rd)
0 g€ HBR XO)(IRd)

see (Felsinger, Kassmann, Voigt 2015)

Marvin Weidner

y))(g(x) — g(¥))Ks
y)(g(x) + 8(¥))Ka

(x,y)dydx,

(x,y)dydx.

(K1)

{u€ L2(Br(x0)) : (u(x) — u(y))K:'? € L3(Br(x) x R?)}
{¢ € L2(RY) : EX(¢,$) < 00, ¢ =0in R\ Br(xo)}

Regularity estimates for nonlocal operators related to nonsymmetric forms
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LBJE:_\{;E:'E?_'SAT Example: nonlocal drift

Fakultédt fir Mathematik
o There exists A > 1 such that:
|Ka(x,¥)I?
sup / 7dy <A. K1
xcrd Jre  Ks(x,y) (K1)

Example
Consider K(x,y) = c(x, y)|x — y|=9=%. Choose c(x,y) = ca.a/2[1 + (V(x) — V(y))], where
o V:R?Y— R with |[V(x) — V(y) < L
Ks(x,y) = caa/2lx —y| 797,
Ka(x,y) = caa/2(V(x) = V(y)Ix = y|77,

Sufficient for (K1) to hold: V € C%7(IR¥) for some v > a/2.

—Lf(x / y)Ix —y|~ d— Oédy"‘/ (F(x) = fFy)(V(x) — V(Y))|X—y|_d_ady
R R
= (= A)a/z (x )+2r(a)(f V)(x) = (—A)f(x) +2VV(x)Vf(x), asa — 2.
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Fakultat fir Mathematik

Assume that K satisfies (Ecomp):

@ There is A > 1 such that for every ball Br C Q, 0 < R < 1, f € L?(Bg):

N Ber2egy < Epy(Fy F) < Moy

Then Sobolev- and Poincaré inequality hold true for £K:

1211, o
Ld—«a (BR

(F(x) — [flge)?dx < CROEL:(f, F).

< c(g,’;;(f, f) + R*allf\lfz(BR))v

Moreover, assume that K satisfies (tail-est):
o There is A > 1 such that for every p > 0:

SUP/ Ks(x,y)dy < Ap™=.
x€Q JRI\B, (x)

Marvin Weidner Regularity estimates for nonlocal operators related to nonsymmetric forms

(gcomp)

(Sob)
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I ITA .
gEL\{;EF'Ef_SAT generalized (K1)

Fakultat fir Mathematik

Recall: There exists A > 1 such that:

sup/ Mdy</\.
xerd Jre  Ks(x,y) N

Generalized assumption: Let 6 € [2, o0].
o There is a (symm.) J s.t. for every ball Bg C Q with R < 1:

Think: J(x,y) =[x — y[79% or J(x,y) = Ki(x, y).

Marvin Weidner Regularity estimates for nonlocal operators related to nonsymmetric forms

Ka(-, v)I?
/ | ( y)‘ dy S /\, géR(V’ V) S A[v]ila/z(BR)v Yv € L2(BR)7
Br (7y) LS(BR)
[Ka(, )2 J , .
¢ <A, Ep(v,v) < Av]ja , Vv e L(Bg).
‘/]Rd (,y) Y L8 (R9) BR( ) [ ]H /2(BR) ( R)

(Klloc)

(K1gion)
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UNIVERSITAT .
BIELEFELD Main result I: (PDE)
Fakultat fur Mathematik

Study weak solutions v : / x RY — R to
Ou—Lu=0 inlxQ=Q, (PDE)

Theorem (Kassmann, W. 2022)

Let K be such that for some oo € (0,2), A>1, D <1 andf ¢ [g,oo]:
o (K1ljc): Thereis a (symm.) J s.t. for every ball Bx C Q with R < 1:

Koy
/BR ey

o (K2): There is a (symm.) j s.t. for every ball Bg C Q with R < 1:

<A, Eg(viv) S AVEarasyy YV E LP(BR): (Klioc)
L% (Br)

Kiey) = (1= D)i(x.y), ¥xy € B, [Rurgey < A (v.v), Wv € L(Br). (K2)

o K, satisfies (Ecomp), (tail-est).
Then, L satisfies wPHI(«), PHR(«), i.e., weak solutions to (PDE) satisfy the Holder estimate.

Marvin Weidner Regularity estimates for nonlocal operators related to nonsymmetric forms
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g.'é:_\ﬁ:%f_g” (K1jc) in the proof of Main result |

Fakultat fir Mathematik

(Klc): Let @ € [, 00]. For every ball Bg C Q with R < 1, every v € [?(Bg):

‘Ka(',y)|2
w - / 1Rl Y)P g,
W0 H B

o For every § > 0 there is C(&) > 0 such that:

<A
L9(Br)

’ EéR(V, V) S /\[V]?-IH/Z(BR)' (K]-Ioc)

/ V(x)W(x)dx < 6 (v, v) + c1(C(6) + SR™)|IV2||1a(ge), Vv € L(Br).
Br

o If g € (2, 00]: T - oo
C(5):{ Rea ]

796( 0).

Think: v2(x) = 72(u + €)7P1(x) for some p € (0,00), € > 0.
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UNIVERSITAT . —
BIELEFELD Main result 1I: (PDE)

Fakultat fir Mathematik

o Recall: Weak formulation of (PDE) reads:

(Oeu(t), d)i2(rey + EX(u(t), ¢) =0, Vtel. (PDE)

o Consider the dual problem, i.e.,
(eu(t), 6)zqrey + EX(u(t), 9) = 0, Ve e, (PDE)

o Here: g’\<(f,g) = &X(g, f). Associate to EK the operator L via 7(Zf,g)L2(]Rd) = g’?(f,g).
Theorem (Kassmann, W. 2022)

Let K be such that for some e € (0,2), A>1, D <1 and 6 € (£, c]:
(Klgion), (K2) hold true, and K; satisfies (tail-est), (Ecomp)-

Then, L satisfies wPHI(a), PHR(q), i.e., weak solutions to Oyu— Lu = O satisfy Hélder estimate.

Local analogy: dVu < div(bu).
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g,'é:_\ﬁ:ﬁg“ Main result Ill: time-dependent jumping kernels

Fakultat fir Mathematik

Study weak solutions v : / x RY — R to

Ou—Liu=0 inlxQ=:Q, (PDE")
Leu(t, x) =2 p.v. /Rd(u(t,y) — u(t, x))k(t; x, y)dy. (L)

Assume there is a symmetric K, : RY x RY — [0, oc]:

A K (x,y) < k(£ x,y) < AKi(x,y), Vtel, x,y € RY.

Marvin Weidner Regularity estimates for nonlocal operators related to nonsymmetric forms 20/29



LBJE:_\{;E:'E?_'SAT Main result Ill: time-dependent jumping kernels

Fakultat for Mathematik

Theorem (Kassmann, W. 2022)

Let k be s.t. for some o € (0,2), A > 1, there is a symmetric Ks : RY x RY — [0, oc]:
A Ko(x,y) < ke(t; x,y) < AKi(x,y), Vtel, x,y € RY.

Assume that for some D < 1 and (u,6) with % + /% < 1:
o (K1}

loc
: 2
’/B 'kj((yy))'dy " <A EL(viv) S AV sy WV € L2(Br). (K1)
tx (IRXBR)
o (K2'): k(t) satisfies (K2) for every t € Ig.
o K, satisfies (Ecomp), (tail-est).
Then, L, satisfies wPHI(«) and PHR(«).

Moreover, if (K15,,,) holds true, then L, satisfies wPHI(a) and PHR(«).

): For every interval Iz C | and every ball BR C Q with R < 1:

Marvin Weidner Regularity estimates for nonlocal operators related to nonsymmetric forms
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LBJE:_\{;E:'E?_'SAT Main result 1V: Full Harnack inequality

Fakultat for Mathematik

Theorem (Kassmann, W. 2022)

Let K be s.t. for some oo € (0,2), A>1, D <1, and 6 € [g,oo]:
(K1jc), (K2) hold true and K; satisfies (tail-est), (Ecomp). Moreover,

K(Xa)/) S A|X7y|7d7aa Vx,y € Rd : |X7y| S 2.

Then L satisfies the full Harnack inequality, i.e., for every nonnegative weak solution to (PDE)

in @ and every Q,(?a) CQ 0<R<LI:
supu < Cinf u+ C sup Tail(u(t), R).

®
QS Qg tel®

Main ingredient: L> — LP-estimate for L (where 0 < p < 2):

1/p
1
supu<c| g uP + sup Tail(u(t),R)
Q& Jog

© [S]
QR/2 tGIR/Z

Analogous results hold true for Z and also for time-dependent jumping kernels.
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BeLerelp | Cauchy problem

Fakultat fir Mathematik

o Recall

—Lu(t,x):=2 p.v./ (u(t, x) — u(t,y))K(x,y)dy.

R4
Let u: (0,00) x RY — R be the solution to the Cauchy problem

Owu—Lu =0, in(0,00)x RY,
u(0) =f, inR9 fel?RY).

If the fundamental solution (heat kernel) (t,x) — p(t, x,y) to (CP) exists:

o) = [ plex ) )y = ()

Lemma (Blumental, Getoor 1960)
If L= —(=0)/2, then p(t,x,y) = (e~1")" (x —y) < t~# A

‘X,y‘dJra .
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LBJ|'E:_\{;E:'E?_I|;AT Symmetric case

Fakultat for Mathematik

Theorem (Chen, Kumagai 2003)
Let K be a symmetric jumping kernel such that for some o € (0,2), A > 1:

A Hx =y 797 < K(x,y) < Alx =y 7972 (Keomp)
Then, there are c1,c, > 0 s.t. for the fundamental solution to (CP) it holds:

d

4 t _d t d
Cl(t “‘/\|X_y|d+a>gp(t7X,y)SC2<t a/\X—y|d+a)’ Vt>0, X,yGR.

Further results:
o (Chen, Kumagai 2008), (Chen, Kumagai, Wang 2021), (Chen, Kim, Kumagai, Wang 2021)
o (Barlow, Grigoryan, Kumagai 2009), (Grigoryan, Hu, Hu 2017, 2018), (Hu, Li 2018), ...
o (Kassmann, W. 2021)
o Bae, Bass, Bogdan, Cho, Grzywny, Jin, Kang, Kim, Knopova, Kochubei, Kulczycki, Kulik,
Lee, Levin, Minecki, Ryznar, Schilling, Song, Szczypkowski, Sztonyk, Vondraéek, Zhang, ...
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LBJE:_E'E?_';AT Nonsymmetric case
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Assume: For some A > 1 and 0 € (£, ]:

e

o There is a (symm.) J s.t. for every ball B C R¢:

LS

o For every ball B C RY:

<A
L8(RY)

. ER(v,v) SAES(v,v), Vv e L3(B). (K1giob)

N Va2 < €57 (v v), Vv € L2(B). (&>)

= (&K, VK(RY|RY)) is a regular lower bounded semi-Dirichlet form.
= heat semigroup (P;) exists.

o (Py) is not symmetric. (P:f,g)2(re) = (P.g, f)12(mey, Where (P,) is the dual semigroup.
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LBJE:_E'E?_';AT Nonsymmetric case

Fakultat fir Mathematik

= (&K, VK(RY|RY)) is a regular lower bounded semi-Dirichlet form.
= heat semigroup (P;) exists.

o (Py) is not symmetric. (P:f,g)2(re) = (.‘3,5g7 f)12(rey, Where (ﬁt) is the dual semigroup.

o (t,x) — P.f(x) solves (CP) o (t,x) — P.f(x) solves (CP)
Ou—Lu =0, 8tu—Zu =0, ~
{u(O) =f. (CP) {U(O) =f. (€P)

o P [2(R?) — [2(RY) bounded, P, : [2(RY) — [2(RY) bounded,
o Puisf = P,P.f, o P..sf = P,P.f,

o f>0= Pf >0, f>0= P,f>0,

0 0<Ff<1=0<Pf<1 0<Ff<1A0<Pf<1

(7]

(7]

(4]
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g,'é:_\ﬁ'éf_g“ Nonsymmetric case: Lower heat kernel estimate

Fakultat for Mathematik

Theorem (W. 2022+)

Let T > 0. Let K be such that for some o € (0,2), A>1, and 0 € (%,oo]:
o (Klgopb): There is a (symm.) J s.t. for every ball B C R?:

) 2
‘/ |Ka(7y)‘ dy
Rd

<A
J(7y) B
o (K-): For every x,y € RY:

LO(R9)

. EB(v,v) S AL (v,v), Vv e L3(B).

A Hx = y[797 < K(x,y) < Alx —y| 797
Then, there exists ¢ > 0 s.t. for the fundamental solution to (CP) it holds

t

|X—y|d+a> ) Vt € (07 T), X,yE]Rd.

p(t,x,y) > c (t‘g A

(Klglob)
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g,'é:_‘ﬁ'éf_g“ Nonsymmetric case: Lower heat kernel estimate

Fakultét fir Mathematik
Step 1: Near-diagonal lower bound

d
o

p(t,x,y)>ct =, te(0,T), |x—y|<cte.

o Main ingredient: (WPHI(a)) for L and L. Apply to

1, s<qat,
u(s,x) =

Psfclt]]-BCQtl/aa S 2 cit.

Step 2: Off-diagonal lower bound

t 1
p(t,x,y) = Cm» te(0,7T), |x—y|=cte.

o Adapt method developed in (Grigoryan, Hu, Hu 2017, 2018) to nonsymmetric operators.

o Main ingredients: (wPHI(«)) and parabolic maximum principle for L and L.
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g,'é:_\ﬁ'éf_g“ Nonsymmetric case: Upper heat kernel estimate

Fakultat for Mathematik

Theorem (W. 2022+)

Let T > 0. Let K be such that for some o € (0,2), A > 1, and 0 € (£, 00]:
o (Klgob): There is a (symm.) J s.t. for every ball B C RY:

Ka(-, y)I?
‘/ Mdy <A, EB(v,v) S AEK(v,v), Vv e L3(B). (K1gion)
re J(Y) LO(R)
o (K<): For every x,y € RY:
K(x,y) < Aix —y|797. (K<)
o For every ball B c RY: - p )
N[y < E(vi), Vv € L2(B) (&)

Then, there exists ¢ > 0 s.t. for the fundamental solution to (CP) it holds

t
p(t,x,y) <c <fi A |X_yd+a) , Vt€(0,T), |x—y|<cTVe
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g,'é:_‘ﬁ'éf_g“ Nonsymmetric case: Upper heat kernel estimate

Fakultat fir Mathematik

Step 1: On-diagonal upper bound
p(t,x,y) <ct™%, te€(0,T), x,y€R

o Main ingredient: L — L2-estimate for L and L (Kassmann, W. 2022):

1/2
1
supu<c (e u2> + sup Tail(u(t), R) (L% —L2)
QE/Z ‘QR | QY teIRe/2

for every weak subsolution to (PDE), respectively (P/D\E) in Q, where Qr C Q.
o Prove that for every f € L2(R9) and t € (0, T):

_d = _d
| PefllLoo(mey < ct™ 2 |[fll2may,  [|Pefllioo(rey < ct™ 2 [|f || 2(ray-

d
a

= p(toxiy) = [ p(e/20x,2)p(e/2, 2,50 < [(8/2,% e (229 gy < et
R
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g,'é:_‘ﬁ'éf_g“ Nonsymmetric case: Upper heat kernel estimate

Fakultét fir Mathematik
Step 2: Off-diagonal upper bound

t

_d
p(t,x,y) <c (t A m

) , te(0,T), ct/*<|x—y| <cTHe

o Adapt nonlocal Aronson method from (Kassmann, W. 2021) to nonsymmetric operators.
o Key ingredient: (L — [2) for L” and L”, where

—LPu(t,x) =2 p.v./B ( )(u(t,x) —u(t,y))K(x,y)dy.

o Difficulty: Lack of Markovianity for dual semigroups (,‘St) (ﬁf) Can prove: For every p > 0

Prac) = [ Plexoldy = [ pleyxdy <Gt 0<t<epf xeR,
R4 R4

where C = C(d,a, T) > 0.
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g,'é:_\ﬁ'éf_g“ Approximation: nonlocal to local

Fakultat fir Mathematik

Lemma

Let (K(®), be such that (K1) holds true and (Ks(a))a satisfies
o There exists A > 1 such that for every a € (0,2), a.e. x,y € R9:

A2 = a)lx =y S K (x,y) S A2 - a)lx —y| 77"

Then for f,g € H*(RY) it holds as o 7 2:

e57(f.8) [ (VF0.ACVECDd €47 () > 2 [ (), TFG0E(x)dx

RA

WithA:(AJk)Jk iR RI*Y, d = (d)J . RY — RY given as

Ajk(x) = Iim/()(—hj)(—hk)Ks(o‘)(x,x+h)dh, di(x) = |i;q/B(O)(—hj)Kga>(x,x+h)dh.
1)

/2 JBs(0
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g,'é:_‘ﬁ'éf_g” Further examples
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Lt 0 < A<A<o0,0<fB<a/2<a<2.

o V,W e WH(R9), where 6 € [£, o],

o ¢:RY x RY — [\, A] symmetric, i.e., c(x,y) = c(y, x),

o L € [0, 00] (suitably chosen),

o D c RY double cone centered at 0 € R, S C R single cone centered at 0 € RY .
Consider

K(x,y) = c(x, y)lx =y + (V(x) = V() L{jx—y i<y Ix — 797,
K(x,y) = V(x)W(y)c(x,y)lx — y| 797> if V(x)W(y) € [X,A],
K(x,y) = 1p(x = y)lx = y| 79 + Ls(x — y)|x — y|97F.

Examples (1), (2), (3) all satisfy the Holder estimate PHR(«).
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