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THE PROBLEM

O%u+ (—A)Pu=f inRN xRy, wu(,0)=uy inRY

e o€ (0,1], B € (0,1]
o uy € LI(RY)
o f € Li,.([0,00); L*(RY))

loc

Large-time behaviour

O Decay/growth rates
O Profiles

Applications:

Anomalous diffusion

Materials with memory

Long-range effects

Innocent looking linear problem, BUT...

Cortazar-Q-Wolanski: JFA 2021, ....
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THE OPERATORS

Caputo fractional derivative: « € (0,1)

N B 1 Yu(z, ) — u(z,0)
8tu(:c,t)—r(1_a)8t/0 ity dT

Nonlocal: memory effects

Fractional Laplacian: 8 € (0,1)

-8 u(et) = [ (ulwt) - TR

o FI(—=A)Po)(n) = n* Fl¢](n)

Nonlocal: long-range effects
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HOMOGENEOUS PROBLEM a=1

Ou+ (=A)Pu=0 inRY xRy, u(-,0) = up € L' (RY)

u(-,t) = Z(-,t) * ug Fundamental solution: Z

Z(w,t) =t F(z/t),  B=1:F(n) = (4m) 2e M/

00 N
F e C*(RY) mmmm)  Smoothing effects
FelP(RV),1<p< oo
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HOMOGENEOUS PROBLEM a=1

Asymptotic simplification:

lim #2503 [u(,t) = MZ(8)||om) =0, M= [ ug

t— 00 RN

|

K c R compact: tlim ||t%u(-,t) — MF(0)||poe(x) =0
— OO

Fernando Quirds On nonlocal and nonlinear PDEs 24/5/2023 5




HOMOGENEQUS PROBLEM a € (0,1)

u(-,t) = Z(-,t) * ug Fundamental solution: 7

AN

Fourier spatial variable: 0% Z(n,t) = —|n|*? Z(n, 1), Z(n,0) =1

Z(n,t) = Eo(—|n?t*),  E.: Mittag-Leffler of order a
Z(x,t) =t NF(2t7%), 0=0a/(28), F: radial Fox H-function

F&cC! —) Mild solution
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HOMOGENEQUS PROBLEM a € (0,1)

I > 0 smooth outside the origin
Fl§&)—=> k>0 as|¢—0, N <23

FE)/En(E) =k as [ =0, N >25

(|£’2ﬁ—N, N > 23 Memory
\—1n|§[, N =24

En(§) =

VTR <C, g >1
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HOMOGENEQUS PROBLEM a € (0,1)

1,00], N <28
FecILP(RY) <) pecll,o0), N=28
\:]‘3p6)7 N>2/6

pc:N/(N_2B)

P subcritical Smoothing effect: [1—[P
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HOMOGENEOUS PROBLEM a € (0,1)

Asymptotic simplification:

p subcritical =)  lim tNQ(l_%)Hu(.,t) — MZ(-,t)| e r™y

t— 00

[Kemppainen-Siljander-Vergara-Zacher, 2016], [Cortazar-Q-Wolanski, 2021]
p not subcritical: ug € LP(RY) mmmp w(-,t) € LP(RN)
BUT
Z(-,t) € LP(RY) === Z cannot give the large-time behaviour
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HOMOGENEOUS PROBLEM a € (0,1)

AVOID THE ORIGIN ! (in selfsimilar variables)

L : Ng(1-1
p supercritical - wemp L £ u (-, 8) = MZ( )| oo (gjag vy,

Outer regions:
0 Diffusive scale: |z| =< ¢
1 Most of the mass is here
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HOMOGENEOUS PROBLEM a € (0,1)

K compact =) lim |[t%u(-,t) — cIg[uo]ll oo gy =0

t— 00

lul(o) = [ SO dy

“Weak"” asymptotic simplification (memory)
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HOMOGENEQOUS PROBLEM: RATES o € (0,1)

_Na (1 _ ;) e
t 2 p diffusive scales

i compact sets

RATES:  [[u(-8)|| 1o = ¢

t N_ﬁ(l_%) p subcritical

Critical p: ||U(',t)HLp(RN) = <
1T otherwise

Critical dimension

" [Kemppainen-Siljander-Vergara-Zacher, 2016]
phenomenon

rt N_B(l_ﬁ) NSQBp/(p—l)

(-, )| ey X ¢
PR T otherwise
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THE INHOMOGENEQOUS PROBLEM

Ofu—Au=f inRN xR, wu(-,0)=0

”f('vt)HLl(]RN) = (1+t)"7 for some~yeR

!
“Duhamel”: u(z,t) = / / Y(x—y,t—s)f(y,s)dyds
0 JRN

Y =0, %Z
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INHOMOGENEOUS PROBLEM: PRECEDENTS a=1, =1

feL'([0,00); LNRNY)) ;| A llust) = Moo Z( t)ll L gy =0

t— 00

My, = / f(x,t)dedt < oo
0 JRN

[Biler-Guedda-Karch, 2004], [Dolbeault-Karch, 2006]

fe L ([0,00); LYRN)), f & LY[0,00); LY (RY)) + extra conditions:

loc

Tim h(t)]ju(-,t) — M()Z(- )] @) = 0

t
[Dolbeault-Karch, 2006] M(t) = /0 o f(xat) dxdt = /RN u(xat) dx
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INHOMOGENEOUS PROBLEM a=1

~ > 1, p subcritical:

lim 135 0= 8) [Ju(, £) — Mo Z(-, 6)l] oy = 0

t— 00

Why p subcritical?

Space-time convolution:
”Z('at)HLp(RN) = Ot_%(l_%)

Z ¢ Li (]0,00); LP(RY)) <= p subcritical

loc
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INHOMOGENEOUS PROBLEM a=1

~v = 1, p subcritical:

tNe(l—%)
lim HU(,t) _ M(t)Z('at)HLP(]RN) =0

t—oo logt

M(t) = /0 t [ fa s

v < 1, p subcritical:

t
iy ¢ uet) = [ M )20t =) ] e, =0
0

t— 00

Mg(t) == - f(y,t)dy
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INHOMOGENEOUS PROBLEM a=1

p not subcritical: Z(-,t) &€ LP(RY)

HOWEVER
. —14+~y+NO(1-2 _
tliglot gl ( )Hu f M¢(s)Z(-,t —s) dSHLP(|a¢|>yt9) =0, v<1
tNe(l—l)
Jim =l 8) = MOZC ) leaisuen) =0 y=1
. N9(1——
lim ¢ Ju(-,t) — Moo Z(- HLP(' sutey =0, v>1

Space-time convolution

Extra assumption: Hf(-,t)HLp(RN) <C(l+t)™"
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INHOMOGENEOQOUS: COMPACT SETS

a=1, N > 203

Fernando Quiros

|£n N/ (2B) gy (L f) — Lllre(xy =+ 0 ast— oo

[f(0)(1+1)" —g|Lr@mny — 0,

cglplg),
£=qcslplgl + M F(0),
Moo F'(0),

v < N/(20)
v = N/(20)
v > N/(28)

ge L'(RY) ify< N/(28)

U

lal(e) = [

N |y|N—2P

t28 ||lu(-,t) — Moo Z (-, t) ||l e () = 0, v > N/(25)

On nonlocal and nonlinear PDEs
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INHOMOGENEOUS PROBLEM: STATIONARY CASE

a=1, N> 283

Fernando Quiros

flz,t) =g(x)  (y=0)

Hu(wt) — Cﬁlﬁ[g]HLP(K) — 0 ast—

(—A)(calslg]) = g
BUT
2|V =28 I5g)(x) = |lgll i my as |z] = 0o

! 1
Iglg] € LP(RY) if p € [1, pc)

On nonlocal and nonlinear PDEs
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INHOMOGENEQOUS PROBLEM: PRECEDENTS a € (0,1)

v>1:  lim 7@ |u(,t) = MY () || Loy = 0

t— 00

1 (®.®)
ocp)=1—a+ NO(1 - —-) M :f f(x,t)dedt < oo
p 0 JRN

p€l,o0], N<4p

pel,p), N>4p Pe := N/(N = 26)

[Kemppainen-Siljander-Zacher-JDE-2017]
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LARGE DIMENSIONS: N > 48 a € (0,1)

Y(z,t) =t @PGt™%),  ou(a,B):=1—a+ N

G > 0 smooth outside the origin, Igmo EINAPG(E) = A
_>

ENTGE) <O, ¢ >1

2

Y(,t) € LP(RY) <= pc[l,p.), ps«:=N/(N—45)
No

1Y (-, ) | oy = Ct~ 7P 5(a, B,p) == 0.(a, B) -

Y € L}

loc

([0,00); LP(RY)) <= p € [L,pc), pe:=N/(N —25)
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INHOMOGENEQOUS PROBLEM

€ (0,1), N > 4p

o(t)

Fernando Quiros

p subcritical (p € [1,p¢)):

=0

tlgglo ¢— / M¢(s)Y(-,t —s)ds L (&S
tl_’y_o-(aaﬁap), f}/ < :_
— t—O'(Oéaﬁap) logtj — ] Mf(t) = N
t—o(aB.p) V> 1 .

On nonlocal and nonlinear PDEs

fy,t)dy
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v 2 1 : SIMPLIFICATION a € (0,1), N > 48

o (. 8,p)

_ . - . _ l—« . N\ —
=1 Jim S e t) = MO Y () ey =
t
M(t):= | Mg(s)(t —s)*" dsz/ u(x,t)dx
0 RN

~v>1: lim t"(o"ﬁ’p)Hu(-,t) — MOOY(-,t)HLp(RN =0

t— 00

My = lim M(t)t' =% = / . f(y,s)dyds
0 N

t— o0
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OUTER REGIONS a € (0,1), N> 45

Extra assumption: || f(-, %) rr@yy < C(1+¢)77 if p > pe

tg{’lw / (s L [T
tl—’Y—O’(O{,ﬁ,p)’ f}/ < 1
¢(t) p— t—O'(Od,/B,p) logt, ,7 — 1 Mf(t) = . f(y’ t) dy
t_o-(aaﬁap)) f}/ > 7
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COMPACT SETS: N > 4p a € (0,1)

[ttt oty () — Loy — 0 ast — oo

1FC0A+8) —gllrimyy =0, geL'(RY) ify<l+a

cglplgl; Y<l+a
£ =< cplglgl + A5|F], v=1+a
)\Igﬁ:f], v>1+a«
h L ©.@)
I5[h)(z) = /R ) w(fN_;‘Q dy Flz) = fo f(x,s)ds.
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