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},’.'EL"EEFEE'SAT I. Origin of the project

Fakultat fir Mathematik

Bielefeld University (©BLB NRW Florian Grube
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g,'é:_‘ﬁ'éf_g” I. Exterior Dirichlet value problems

Fakultét fir Mathematik
Goal: Robust trace spaces for nonlinear problems in Lipschitz domains
Application: Solve, for a natural and large class of exterior Dirichlet data g,

(~A)u(x)=f inD.
u=g inRI\D. (DP)
where
d
(~2)5000 = (1= s)pv. [ [uly) = )P~ (u() = w) =V

@ Focus is on the behavior of g near 0D.
Q Away from D, the object (—A)su makes sense already if
uec LP _1(Rd W)

11171770 ,,

@ The stronger assumption u € LP(RY; W) is natural in
the variational context.
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g,'é:_‘ﬁ'éf_g“ I. Exterior Neumann-type value problems

Fakultat fir Mathematik

So far, Neumann-type conditions have not been well understood for nonlocal operators.

Given, a Lipschitz domain D C R9, a natural goal is to study solutions u: (0, T) x RY — R to
the parabolic nonlocal Neumann problem:

Owu—Lu = f(t,x) in (0, T) x D,
Nu = h(t,x) in (0, 7) x D, (1)
u(0, x) = up(x) in D,

where L is a nonlocal operator, e.g., fractional Laplace operator and Nu is the “nonlocal normal
derivative of u” associated to D, J.

Here again: function spaces necessary for analysis and stochastic anlaysis.

Upcoming [joint with Soobin Cho]: probabilistic interpretation of u(t, x) in linear case
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UNIVERSITAT
BIELEFELD I1. The space V,(D|RY) for general measures v

Fakultat fir Mathematik

Assumptions:
o v: R4\ {0} — [0,00) is symmetric with

/min{l, |h[2}v(h)dh < co. (L)
o D C RY open and bounded.

Definition

V,,(D|R?) is the vector space of all measurable u: RY — R with

2
oy = ] () = u)? x=y)ydx < oc. @)
DRY
We endow the vector space V,(D|R?) with the norm || - ||y, (pjre) given by

1ully, (oprey = lull2ioy + |uly, (oprey - (3)
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BIELEFELD | I1. Quadratic forms, V, o(D|RY), and H,(D)

Fakultat fir Mathematik

Given functions u, v € V,,(D|RY), we define a bilinear form & by

// u(x —u(y )( (x) — v(y)) v(x—y)dxdy.

DCXDC)C

Note |ul}, pipey < E(u,u) < 2|ufy, pigay for any u.

Definition
V,o(DIRY) := {uec V,(DRY)|u=0 ae onRY\ D}
H,(D) = {u e L2(D)| Ep(u, u) < oo}
with norm ”””%—IV(D) = HUH%Z(D) + Ep(u, u), where

(u,v) // (x) — u(y)) (v(x) — v(y)) v(x—y)dxdy .
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L TAT I1. Density in energy spaces for p =2

Fakultét fir Mathematik
Theorem: Let v satisfy (L) with full support and let D C R? be open.
Q C®(D)N H,(D) is dense in H,(D).
Q If 9D is compact & continuous, then C>°(D) is dense in H, (D).
Q If 9D is compact & continuous, then C2°(D) is dense in V,,o(D|RY).

Q If 9D is compact and Lipschitz, then C2°(R9) is dense in V,,(D|R?) with respect to
I+ Iv,(ojrey and [l v, (pjray with

2
lulllv, (pjrey = HUH%%R") + |U‘%/,,(D\Rd)'

Theorem taken from Foghem/MK [FK22]

References:
First statement (Meyers-Serrin) and second statement: [FG20] and [DK21]

Third statement: [FSV15] for a special choice of v and in [FG20], [BGPR20a] for the general case.
Fourth assertion: [FKV20]
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g,'é:_\ﬁ'éf_g“ II. Exterior Neumann-type derivatives

Fakultat fir Mathematik

Let N'u be the “nonlocal normal derivative of u” associated to D and v, see [DROV17].

Nuly) = / (u(y) - u(2))ulz - y)dz, y e D". (4)

Lemma

Let £ € L?(D). Assume u € V,(D|R?) minimizes the functional v — 3&(v,v) — [, fv in the
space V,,(D|R9). Then Nu= 0 in D°.

Q@ Nu =0 on D¢ constitutes a natural complement condition, analogous to d,u = 0 on D in
the classical case. No regularity of D is needed, though.
Q Gauss-Green type formula: For u € C3(R?), v € C}(RY) we have

/D —Lu(x) v(x)dx = E(u, v) — . Nu(y)v(y)dy.

In particular, by choosing v =1 one deduces [, Lu(x)dx = [, Nu(y)dy .
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g,'é:_‘ﬁ%f_g“ I1. Approximation of divergence and normal derivative

Fakultat fir Mathematik

Lemma [HK23]

The classical divergence theorem in bounded C!-domains follows from the Fubini theorem with
the help of nonlocal operators and rescaling.

Key ideas in the proof:
@ notion of nonlocal divergence and nonlocal normal derivative
o choice of localizing sequence v,
o Fubini provides a trivial nonlocal “divergence theorem”
0oe—0
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DIRIVERSITAT III. Exterior Dirichlet data for p > 1

Fakultét fir Mathematik
Task: Robust trace spaces for rather general domains and nonlinear problems.
Application: Solve, for a natural and large class of exterior Dirichlet data g,
(=A)ju(x)=f inD,
u=g InRY\D.
where
dy

(~)5u) = (1= 9)pv. [ July) = w2 (w0 = wl) =T

Q Focus is on the behavior of g near 9D.
Q@ Away from D, the object (—A)5u makes sense already if
u € LPHRY; ity )-

11171777 7,,

D

@ The stronger assumption u € LP(RY; W) is natural in
the variational context.
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E.EL"EEFETSAT II1. Energy spaces for p > 1

- Fakultat for Mathematik

For a bounded Lipschitz domain D ¢ R and 1 < p < oo we define

VSP(D|RY) := {u : RY — R measurable | [u]ysr(p|rey < 00},

p : lu(x) — u()®
[U]Vs,p(Dle) : //DXRd |X y|d+SP dXdy
We endow this space with the norm [|ul|Vs, p gey == lulls(py + [ Ve (D | Ra)-

Assume D is bounded and u € V5P(D|R?). Then u € LP(RY; (Hliﬁ)
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BiELEEELD T II1. Understanding the space V**(D |RY)

Fakultat fir Mathematik

Choose D = B;(0) C RY. Let 3 € R. We study an example of g € VP(B; | RY).
Assume g : R? — R is defined by

peo : g<o
Oa |X| < ].7 ‘
R R
07 |X| > 2. ? ¢ ¢ :
- 2 1 2
X, (o)
d dx |y| — 1 d dx = 2B —d— 2sd
|y X|d+2S X|d+2s X = b/| \y X| x)
BiR? L (B2\Br) BB
1
= / (Iyl - 1)25—2sdy g€ VSP(B|RY) iff2f—-2s>-1 & f[>s5-— 5

Bz\Bl
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LBJE:_\{;E:'ETSAT II1. Problem of trace space

Fakultat fir Mathematik

Let D C RY be a bounded domain with some regularity of D. Assume s € (0,1), 1 < p < oo.

Main Aim

We search for a space of functions on D¢, say T5P(D¢), and a map
Try : VSP(D|RY) — T5P(D°), U ulpe,
which is continuous and linear with a continuous right inverse D

Exts : T9P(D) — VP(D|RY), g — ext(g).

Maximum goal

There is (us) such that for any u € W1P(RY), as s — 17,

ITr ull togpe: ey = 17Ul Loap) - [Tr u]gsp(pey = [Yulwi-1/p0(0D) -
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g,'é:_\ﬁ'éf_g“ I11. Earlier attempts on nonlocal trace spaces

Fakultat for Mathematik

H/2(OD) as trace space of weighted L?(D), [TD17] = Peridynamics. See follow-ups.
Definition of TP(D€) in [DK19]. Traces and extensions. Not robust as s — 1—, though.
T2(D¢) together with traces and extensions in [BGPR20a]. Douglas identity. Not explicit.

Some extensions in [BGPR20b].
[GH22]: explicit definition of T52(D¢). Robust extensions and traces for p =2, 9D € C1:1.

Features of current project [GK23]: p > 1 and p =1, OD Lipschitz, Whitney covering

An abstract definition of a trace space is always possible.

Definition (abstract)
We define T5P(D¢) as the space of restrictions to RY \ D of functions of V*P(D|R9). That is,

TP(D) = {v : D° — R meas. such that v = u|pc with u € VSP(D|R9)},
[Vllgsp(pey = inf{|lullvspp|re) : U € VSP(D|RY) with v = u|pe}.
16/32
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Lg’fél_\ﬁ'éf_gAT III. Trace spaces

Fakultat fir Mathematik

We define measures jis on Borel sets of RY by

s(dx) = 1pe(x) (1 — $)dy® (1 + dh) 4~~~ dx (5)

on R, s€(0,1), p > 1 where d, := dist(x,dD) for x € R9.
We introduce the trace spaces
T>P(D?) := {g : D = R measurable | [|g||7=,(pe) < oo},

HgH”Ts,p(Dc) = |gHLP Do) T [g]T5=P(DC)’

p . —fI
[FL7enoe 10 = // (x—y] + d )+ d() i 1ydratr—2 Hs(D)ns(dy)
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gfé:_\ﬁ:%f_g” III. Trace spaces

Fakultat fir Mathematik

Recall

ps(dx) := 1pe(x) (1 —s)d® (1 + dy) "9~V dx J

Let f : [a, b] — R be continuous. Assume ¢ > 0.

Let § > 0 such that |f(a) — f(x)| < & for all x € [a,a+ J]. Then

b

b a+d
/ FO) (1 — s)(x — a)~dx = (1 — s)/ FO)(x—a)Sdx+(1—s) [ F(x)(x—a) " dx

a+é

—+0ass—1

a+d
< (F(a)+)(1— s)/ (x—a)*dx + O(1 )
=(f(a)£e)d* *+0(1~-s) — (f(a)xe)ass— 1.

Thus, the measure (1 — s)(x — a)~° dx converges to d,; as s — 1.
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E.EL"EEF’ES('SAT III. Trace spaces

- Fakultat for Mathematik

Let D C RY be a bounded Lipschitz domain, s € (0,1), 1 < p < co. Then the trace map

Tr, : VSP(D|RY) — T9P(D),  u+ u|pe
is continuous and linear and there exists a continuous right inverse

Ext, : T9P(D) — V=P(D|RY), g — ext(g).

Let D C RY be a Lipschitz domain, s € (0,1), 1 < p < co. For any u € W*P(RY), ass — 17,

[ Tr u”LP(DC;Ms) - ||’YU||Lp(aD)a [Tr U]‘.Tst(DC) - [’YU]Wl—l/P:P(aD)-
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g,'é:_\ﬁ'éf_g“ ITI. Well-posedness for exterior value problems

Fakultat for Mathematik

Corollary (Grube/MK)

Let D C RY be a bounded Lipschitz domain, s, <s < 1,1 < p < oo. Let g € T>P(D¢) and
f € VSP(D|R?) D LP (D). Then there exists a unique solution u € V*P(D|R?) to problem
(DP). Moreover, there is a constant ¢ > 0, depending only on p, D, s, such that

lullvero ey < c(llgll7=p(pe) + I llven(p | reY ) - (6)

Proof: Let Vgs*"(D|Rd) be the set of all functions v of the form v = Exts g + v with
vo € V5 P(D|RY). This set is a closed convex subset of V*P(D|R?). Let / : VSP(D|R?) — R

be defined by
_1-s [v( v(x)
// d+sp dxdyff(v).

The functional / is strictly convex and weakly lower semicontinuous on the reflexive, separable
Banach space V$P(D|RY).
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UNIVERSITAT

BIELEFELD ITI. Well-posedness for exterior value problems
Fakultét fir Mathematik
Since
[EW)] < I llver(o | rey IVIIveno 'y < SIIVITVenp rey T (Pl)fl(ﬂsp)*l/('kl)Hf”f/s,p(p\Rd)/

for every 6 € (0,1), we can apply the Poincaré-Friedrichs inequality to the function v — Exts(g) to
obtain

I(v) > [V]\/sp (DR TG 1||V||L,,(D) C1||f||\/sp (D|Rd) — €1 HEthgHI\J/s.,p(de)

for some constant ¢; depending on p and the Poincare-constant. Thus, the functional / is coercive
in the sense that /(v) — 400 for |[v||ys»s(p|re) — +00. We have shown that / attains a unique
minimizer u on the set V;’P(D|Rd). It is now straightforward to show that the function u solves
problem (DP). The claimed estimate follows from /(u) < /(Exts g), and the above estimate. [
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LBJE:_\{;E:'E?_ISAT IV. Details of the proofs.

Fakultat fir Mathematik
Analogous to the measure s from (5), we define for s € (0,1) the measure

1—s
ds

X

Ts(dx) =

1p(x)dx (7)

on Borel subsets of RY. Recall that d, = dist(x,dD).
Theorem (Approximate trace inequality)
Let D C RY be a bounded Lipschitz domain, 1 < p, < p* < oo and s, € (0,1) there exists a

constant C = C(d, D, px, p*, s,) > 0 such that for every s € (s,,1), px < p < p* and
u € W=P(D)

/|u( Ts(dx) + // Ty |-|-d)_|_:() /)\|1)d+s(p_2) Ts(dy)7s(dx) < C ||uHW5,, . (8)
D
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gférﬁﬁfgﬂ IV. Details of the proofs.

Fakultat fir Mathematik

Lemma

Let D c RY be a bounded Lipschitz domain with a localization radius ry > 0.
(1) For every s the measure 75 is a doubling measure.
(2) There exists C = C(d, D) > 0 such that for any s € (0,1), 0 < r < ry/2, and x € D

Ts(Br(x)) < Cri—s,

Let u € WSP(RY).
(x) — u(y)”
// ((x =yl + d T d,) A 1yerea e W)7s(dX)

<2320 [l =t S 1 [t s i

X
DxD ‘ DxD
27" I x—y|<27" 1<|x—y|
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gfé:_\ﬁ:%f_g” IV. Details of the proofs.

Fakultat fir Mathematik

Define H := LP(D x D, |x — y| ®"* 7(dy)7s(dx)) and, for 1 < g < o0, 8 > 0, the space
099 = {(hn)n | hn € H},
ICho)llne 2= || (227 1Al )

nlleaqy”

Then
P

[Blue Term] = H ((u(x) - u(y))12_n_lglx,y|<2_n)

Define the linear map

nllgs—s/p.p ’

Tf(x,y) = ((f(x) - f(y))127n71§‘x_y‘<27n)n, f:RY > R

Denoe by H** the Bessel potential space.

Key observation: T : H"* — (5 with 3 = o — s/p is continuous.
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LBJE:_\{;E:'E?_ISKT IV. Details of the proofs.
Lemma (Chapter V, Lemma C in [JW84])

Let D c R? be a bounded connected Lipschitz domain, 0 < s, < s <1 and
1< p. <p<p*<oo. Weset

1+p
=s—— =14 — 10
Qg =S 2 +2p (10)

and B; := a; —s/p for i € {0,1}. There exists a constant C = C(d, D, ps, p*,s,) > 0 such that
for all 0 < r < ry/2 and f € LP(R?) we have

[ 1605700 = Gu 1 FOIP el dy)rald) < €72 [l (1)

DxD
[x—y|<r

/ [Gay * PP 7o(d%) < € oy (12)
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UNIVERSITAT
BIELEFELD V. The case p=1

Fakultgt fir Mathematik
Theorem
Let D C RY be a bounded Lipschitz domain, s € (0,1). Then the trace operator
Try : VSYDIRY) — LY(DC; ps(dx)), U ulpe
is continuous and linear. There exists a continuous linear right inverse
Exts : T9}(D€) — VSY(D|RY), g — ext(g).

The continuity constants of the linear trace and extension operator only depend on D and a lower
bound on s. In addition, the norm of the extension operator in dimension d = 1 also depends on
a lower bound on 1 — s.
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UNIVERSITAT

BIELEFELD V. The case p =1

Fakultat fir Mathematik
The theorem is analogous to the local setting, i.e., for s = 1. L1(D¢; ps) replaces L}(dD).
There exists a nonlinear bounded extension operator from L}(0D) to BV(D), see e.g. [MSS18,

Theorem 1.2]. A continuous extension map of integrable functions on 9D to a function of
bounded variation in D cannot be linear [Pee79].

If we restrict ourselves to the Besov space B ;(9D) C L'(D), then a continuous linear extension
to functions BV/(D) that is right inverse to the trace map exists, see [MSS18, Theorem 1.1].

The trace embedding V*1(D |RY) — T5(D) cannot be continuous. Consider the sequence of
functions

0 ,xeD
up(x) ;=< nt=*  x € D¢ dist(x,0D) < 1/n
0 ,x € D¢, dist(x,0D) > 1/n

for n € N. One easily sees that |[unl|\s1(p|pay = [[tnll;1(pe; ) =< 1 but a simple calculation yields
[tn]7s1(Dey X In(n) — 00 as n — oo.
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