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Keller-Segel system in R and blowup for related toy
models

ur—Au+V-(uVy) = 0,
Te = Ay +u,
u(x,0) = up(x) >0,
(x,t) eRIx [0, T), d>2,

u(x,t) > 0 — the density of the population of microorganisms,
©(x, t) — the density of the chemical secreted by themselves that
attracts them and makes them to aggregate.
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u(x,t) > 0 — the density of the population of microorganisms,
©(x, t) — the density of the chemical secreted by themselves that
attracts them and makes them to aggregate.

As T N\, 0 solutions of the above (PP) system converge to those of

the parabolic-elliptic KS system (PE) with Ao+ u =10

(A. Raczyniski 2009, PB + L. Brandolese 2009, P.-G.

Lemarié-Rieusset 2013, ... , M. Kurokiba + T. Ogawa 2020, ...).
What about 7 > 17



Motivations

e (an early result PB + L. Corrias + J. Dolbeault 2008)

The scaling transformation uy(t, x) = A2u(A\?t, Ax), pA(t,x) =
©(N\%t,A\x) for every X >0, leaves the Keller—Segel system
invariant. Each solution invariant under this scaling

u(t,x) = ux(t,x), ©(t,x) =par(t,x), A>0,is called

a self-similar solution to system KS. It has the form

u(t, x) = %U QE) Co(tx) = Q})
with Ux) = u(1,x) and &(x) = (1, x).
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u(t,x) = ux(t,x), ©(t,x) =par(t,x), A>0,is called

a self-similar solution to system KS. It has the form

u(t, x) = %U QE) Cp(tx) =0 Q})

with U(x) = u(1,x) and ®(x) = ¢(1,x).

In d =2 one has u(0,x) = Mdé with M € [0, M(7));

8m = M(t) for 7 € (0,1), M(7) /" o0 as T — oo,
Nonuniqueness of self-similar solutions for large 7 > 1 and
sufficiently large M.



For d > 3 if the limit ug(x) = lim;—0 %U (%) exists (for example,
in the sense of distributions), then the initial datum up has to be
homogeneous of degree —2.

In particular, we will construct radial, nonnegative self-similar
solutions to system KS corresponding to initial data of the form
up(x) = % for some constant M > 0.

When 7 = 0 they exist for M € [0,2(d — 2)), while

uc(x) = 2(d — 2)|x| 72 is a discontinuous singular stationary
solution (C=Chandrasekhar).
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Note that for sufficiently small, not necessarily radial but
homogeneous initial datum such a construction can be made using
a fixed point argument, in the framework of mild solutions. Even
for sign changing initial data.

e another motivation

When 7 = 0 blowup of “big" nonnegative solutions occur.
For d =2 “big” means [ up(x)dx > 87 [many results, various
approaches].
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so this is intimately connected with the appearance of singularities
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Notice that the local existence of solutions to the Cauchy problem

. . d . "
requires some regularity of up (up € M2(RY)) and a size condition
on local singularities, i.e.

lim sup R2d/ up(x) dx < (some constant)(d),
R—0 {Ix|<R}

so this is intimately connected with the appearance of singularities
at blowup time.

For 7 > 0 blowup results are rather scarce, and they are obtained
under specific integrability conditions imposed on up (M. Winkler
2013, 2020).
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e Show existence of global-in-time solutions with arbitrarily large
data (not very regular) and suitably big 7 (extending the result in
two dimensions by PB + I. Guerra + G. Karch 2015).

e Prove finite time blowup of solutions with even larger data.
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e Show existence of global-in-time solutions with arbitrarily large
data (not very regular) and suitably big 7 (extending the result in
two dimensions by PB + I. Guerra + G. Karch 2015).

e Prove finite time blowup of solutions with even larger data.

The first goal is achieved.
The second goal is not.

However, we proposed two toy models, both consisting of two

parabolic equations, for which the above scenario is confirmed.

They are related to the well known semilinear heat equation (NLH)
ur = Au + u? in a way similar to that as (PP) is related to (PE).
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Tor = Ap + u, x€eRY t>0, (TM")
u(0) = wo, ©(0) = o,

=A 2
{”‘“ utu xeRY, t>0. (NLH)

u(0) = wp,

(TM) is obtained by omitting the term —Vu - Vg in (PP)/(PE).
And for 7 = 0 the term —uly is just u?, as is for (TM’).
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of various methods (moment = eigenfunction method, convexity =
energy method, monotonicity) based on specific properties of the
single parabolic equation (NLH) (such as variational structure).



There are many results on blowup for (NLH) obtained with the use
of various methods (moment = eigenfunction method, convexity =
energy method, monotonicity) based on specific properties of the
single parabolic equation (NLH) (such as variational structure).

Surprisingly, for the systems of two parabolic equations those

approaches (almost) fail.

Cross-diffusion structures of (PP), (TM) make their analyses
delicate.
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B(u, 2)(t) / Velt=92 . (4(s)Lz(s)) ds,
Pseudomeasures

PM?(RY) = {f € S'(RY) : ||f | s = supeers [€17IF(€)] < oo},
f denotes the Fourier transform of the tempered distribution f
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t>0, (R4

Vi_o =X = 1°°(0, 00; PM72). Clearly, # € PM9—2,

Theorem Let d > 2, ug € PM972 g =0, 7 > €3,

If ||uo|lppga—2 < 33kg 7/(eInT)3, then (PP) has a global-in-time

solution. This solution belongs to X' N Vy_4/1,~, and is unique in

the ball of Vy_4/1n, centered at the origin, with radius
0<r<7/(InT)3.
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Besov spaces
Almost optimal spaces, optimal initial data: &, :=

{u€ (0, 00; LP(R)), [Jull, := supes /2P ] < oo }
Theorem Let d > 2, max(d/2, 2d/(d + 1)) < p < 2d,
ug € B‘,&i‘d/") and ¢g = 0. Let g such that

1/p—1/d| <1/q <min(l/p,1-1/p),  1/q<1/d.

Then there exist constants Cp g, <p,q > 0, independent of 7 and
ug, such that if

HUOHB‘ng/p) < Cp,qu/27d/2(1/pil/q)7

then (PP) has a mild solution u € &, such that
llull, < #p,glluoll 5-@-a/n - Moreover, mild solutions of (PP)
p,00

satisfying
‘Hu‘”p S R7 R < Kp,qCp,q 7_1/2—d/2(]_/p_]_/q)’

are unique.



Existence results for toy models (TM) and (TM")

Almost the same as for (PP), with similar proofs.
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We are interested in nonnegative solutions of big size, say ~ 7.

An idea of S. Montgomery-Smith for “cheap” Navier-Stokes
equations: blowup of the Fourier transform of solutions of (TM).

Consider wp € L?(R?) defined by wp(¢) = 1p,(£), where 1¢
denotes the indicator function of a measurable set E, and By is the
ball with center 3(1,0...,0) and radius 1. Thus, the support of
Wo is contained in the annulus Ey = {% <|-] <1}

Theorem  Let 7 >0, A> 0, and up € S(R?), such that

uo(§) = Awp(§).

Let t* be the maximal lifetime of the (unique) classical solution to
(TM). There exists a constant kg > 0 (only dependent on d) such
that if

A> Ky et/ T,

then t* < 1.



Notice that the right-hand side above behaves like 7 as 7 > 1.
Thus, the best possible size condition to be put on the initial data,
in order to obtain the global existence for (TM), would be of the
form ||up|| < 7, no matter the choice of the norm, and
irrespectively of the functional setting where one constructs the
solution.



Notice that the right-hand side above behaves like 7 as 7 > 1.
Thus, the best possible size condition to be put on the initial data,
in order to obtain the global existence for (TM), would be of the
form ||up|| < 7, no matter the choice of the norm, and
irrespectively of the functional setting where one constructs the
solution.

Finally, consider (TM’) in a smooth bounded domain Q C R,
supplemented with

u(x,t) =¢(x,t) =0 for each x€9Q, t=>0.

There exist positive solutions of system (TM') for 7 > 2 with
ug > 0, o > 0 of order 72, T, resp., satisfying moreover

/ P(x)up(x)dx > §)\T2,
Q 2

[ 000 ax = 5
Q

where ¢ > 0 is the normalized eigenfunction of A with the first
eigenvalue A, which cannot be continued past a moment 7 > 0.



The proof of that result involves the equation for ¢
T = (T + 1)Ap; — D20 + (Ap)?
and the evolution of moment J(t fQ ©(x, t)dx is studied
mJ(£) = ~A(r + 1)(e) = V() + / v(Be)
Q

> =A(T +1)J(t) = A2J(t) + A2J(1)".
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