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Introduction



Motivations: macroscopic models of tumor growth

Compressible models Free boundary problems

on =V -(nVp)—V-(nVV)+nG —Ap =G(p), in Q(t) ={p >0}
n=n(xt), xeRy t>0 v, = —Vp - v, on dQ(t)
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n=nxt), xeR, t>0 v, = —Vp - v, on dQ(t)

T=0 s T-0022

rrrrrrrrrrrrrrr

How can we link compressible and geometrical models?



Outline of the talk

Mechanical model with drift

Incompressible limit: formal idea
State of the art: the Aronson-Bénilan estimate

Strategy: compactness of the pressure gradient

Rate of convergence
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e The dynamics of the cell population density n(x, t) is governed by
mechanical pressure, towards chemo-attractants or nutrients,
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Mechanical models of tumor growth

on —V - (nVp) + =nG(p)

e The dynamics of the cell population density n(x, t) is governed by
mechanical pressure, towards chemo-attractants or nutrients,
and division/necrosis

e V=-Vp + VV, Darcy's law +
e G = G(p), pressure-dependent growth rate, G’(p) < 0

e Compressible law of state:
pw(n) =n",y>1

e Incompressible limit v — oo : bridging the gap between
density-based models and free boundary problems of Hele-Shaw type



Incompressible limit

Passing to the limit v — oo p=n?
Graph relation: ‘

Poo(l —Nso) =0 . / /:
Q(t):={X; Poo(x,t)>0} Tumor region . / /"
{X; 0 < n(x,t) < 1} Precancer cells 02 / j
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Incompressible limit

Passing to the limit v — oo p=n?

Graph relation:

Poo(l —Noo) =0 ///‘

06

Q(t):={X; Poo(X,t)>0} Tumor region . |

{x; 0 < ns(x,t) < 1} Precancer cells oz

ap =p(Ap — AV+G(p)) + [Vp[* = Vp - WV
Complementarity relation:



Free boundary problem

‘,’/noo — i

—Apeo = G(poo) — AV /

v = 7—8,,])00 + 0,V

Limit model: Hele-Shaw free boundary problem



State of the art



Some historical remarks

e Porous Medium Equation (PME): 0:n = An?, v — oc:
Caffarelli, Friedman '87; Bénilan, Boccardo, Herrero '89; Aronson,
Gil, Vazquez '98; Gil, Quiros '01 ...
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e Porous Medium Equation (PME): 0:n = An?, v — oc:
Caffarelli, Friedman '87; Bénilan, Boccardo, Herrero '89; Aronson,
Gil, Vazquez '98; Gil, Quiros '01 ...

o Model with proliferation: 9:n = V - (nVp) + nG(p), p ~ n?
Perthame, Quirds, Vazquez "14; Kim, Pozar '18; Hecht,
Vauchelet 17 ...

o Visco-elastic models (Brinkman'’s law): Drasdo, Perthame, Tang,
Vauchelet "14; Debiec, Perthame, Schmidtchen, Vauchelet 20 ...

e Model including a drift: Alexander, Kim, Yao "14; Craig, Kim, Yao
"18; Ighida 21 ...

o Multi-species models: Carrillo, Fagioli, Santambrogio,
Schmidtchen 18, Gwiazda, Perthame, Swierczewska-Gwiazda '18,
Bubba, Perthame, Pouchol, Schmidtchen '20; Debiec, Perthame,
Schmidtchen, Vauchelet '20; Price, Xu '20; Liu, Xu '21...
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Some historical remarks: the PME

on =V -((y+1)n"Vn), n(x,0) = no(x) € L>°(RY) N L (RY)
0 if 1 i 1
(y+Dn" =37 ' N Ny (X, 1) = Noo(X) = o) n {n°°.< '
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Some historical remarks: the PME

on =V -((y+1)n"Vn), n(x,0) = no(x) € L>°(RY) N L (RY)
0 if 1 i 1
(y+1)n" =<7 I e N, (X, t) = Noo(X) = Mo(x) in {noo.< }
oo, ifn>1 1 otherwise

Fundamental estimate of the PME, Aronson, Bénilan '79: Ap > —%
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PME: the Aronson-Bénilan estimate

PME: on=V-(nVp), p=n7

dp =~p Ap +|Vp|?

We set w := Ap. Then

2
0w = 2yVp - VW +W? + ypAW +2Vp - Vw +2 > (8,%jp)
i

oW > 2(y +1)Vp - VW + yp AW + yw?

Comparison principle = Ap>—L (AB estimate)
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Purely mechanical model: solutions behavior
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Density (blue line), pressure (red dashed line) v = 90



Aronson-Bénilan estimate (a la Perthame, Quirds, Vazquez)

PME + growth: on =V -(nVp)+nG(p), p=n?
ap = ~p(Ap + G(p)) + |Vp[®
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PME + growth: oin =V -(nVp)+nG(p), p=n?

0p = vyp(Ap + G(p)) + |Vp[?

We set w:= Ap+ G(p). Then

ow > L(w) +yw* —~(G(p) — pG'(p))w

~yrgt
Comparison principle = Ap + G(p) > fr(j% (AB estimate)

[ Aronson-Bénilan estimate = Complementarity relation ]
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Aronson-Bénilan estimate (a la Perthame, Quirds, Vazquez)

PME + growth: oin =V -(nVp)+nG(p), p=n?

0p = vp(Ap +G(p)) + |Vp[?

We set w:= Ap + G(p). Then

ow > L(w) +yw?* — v(G(p) — pG' (p))w

~ret

Comparison principle = Ap + G(p) > —r¢- (AB estimate)

] — e—f6t

[ Aronson-Bénilan estimate = po(Aps + G(Po)) =0 ]
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Incompressible limit of a tumor
growth model with drift




Stiff limit of a model with drift

Theorem: limit v — oo

Py = Pocr Ny = Noo < 1in LYy, Vpy, — Vp,, weakly in L7,
ONoe =V - (N VPoo) = V- (N VV) + Ny G(Poo)

poo(l - noo) =0

N.D., M. Schmidtchen, On the incompressible limit of a tumor growth model
incorporating convective effects, CPAM, to appear, 2022



Stiff limit of a model with drift

Theorem: limit v — oo

Py = Pocr Ny = Noo < 1in LYy, Vpy, — Vp,, weakly in L7,

atnoo =V. (noovpoo) -V (ﬂOOVV) + nOOG(pOO)

Poo(l—Nu) =0

Theorem: complementarity relation

Poo(APos — AV +G(ps)) =0 in D'(RY x (0,00))

Complementarity relation <= L2-strong compactness of Vp,

N.D., M. Schmidtchen, On the incompressible limit of a tumor growth model
incorporating convective effects, CPAM, to appear, 2022
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Initial data

* No >0, Ng € BY(RY) N L=(RY),
: HAng;l”U(Rd) <C

* No,y compactly supported
Proliferation rate G(p)

- GeC, G(p)<—-a<0
- I3 pm > 0such that G(py) =0

- D2V e L2 (R x (0,00))

loc

CA@V) € LRI % (0,00)), i=1,...,d

loc

- some mild control on &;VV, 9;AV
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e Non-negativity: n,,p, >0
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A priori estimates

The following hold uniformly with respect to v

e Non-negativity: n,,p, >0
e N, p,€L®0,T;L1 N L>(RY))
(follows from the comparison principle)
e Vp, € L2(RY x (0,7))
(follows from the pressure equation)
e n.,,p, €BV(RY x (0,7))
(propagation of regularity)

Thus
Ny — Noo < 1, Dy = Poo, in LRI % (0,7))

Vp, — Vps weakly in L2(R? x (0,T))

14
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Strong compactness of the gradient: strategy

Goal: Vp, — Vp. strongly in L2, <= Poo(APoc —AV+G(Pso)) =0
We blend two uniform estimates:
e L*-bound of Vp,
IVp,| € LARY x (0,7))
o [3-version of the Aronson-Bénilan estimate

(Apy +G(py))- € L*(R? x (0,T))

= Ap, € L}(RY x (0,T))
Py = Pooy APy € Lyy, Vpy € Ly = Vpy = Vpoo in L,

Kim, Zhang '20: Ap, + G > —C/~t — C, but requires V € G,/



Sketch of the proof: L*-estimate (no drift)
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Sketch of the proof: L*-estimate (no drift)

op =vp(Ap+G)+|Vp? - —(Ap+G)

—0pAp — 9p G = —p|Ap + G|> — |[Vp|?Ap — |Vp[*G

—OpAp +p|Ap + G|* + |[Vp[PAp = d:p G — |Vp[*G

d [ |VpP
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Sketch of the proof: L*-estimate (no drift)

op =vp(Ap+G)+|Vp? - —(Ap+G)

—0pAp — 9p G = —p|Ap + G|> — |[Vp|?Ap — |Vp[*G

—OpAp +p|Ap + G|* + |[Vp[PAp = d:p G — |Vp[*G

d [ |VpP
d—/' ’ +v/p|Ap+G\2+/|Vpl2Ap§C
tQ 2 (9] Q

d [|vpP

+(v—1)/ mAp+G|2+/p|02p|2 <c
Q Q

Vpo € L = /pD?p € L},
e pel = pD?pel2, = peW,

16
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Op =p(w— AV) + |Vp|* = Vp - VV

w:= Ap + G(p)

Ow = A(yp(w — AV) +|Vp|? = Vp - VV) + G'(p)dp

o —(W)—- 0w =—(w)_ (A(ypw = ypAV) + |Vp[> = Vp - VV) + G'(p)(...))
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Sketch of the proof: [3-AB estimate

Op =p(w— AV) + |Vp|* = Vp - VV

w:= Ap + G(p)

Ow = A(yp(w — AV) +|Vp|? = Vp - VV) + G'(p)dp

o —(w) - ow=—(w) - (A(ypw — ypAV) + |Vp[> = Vp - VV) + G (p)(...))
5[ e d) fome e
(-03) [ fywr e [ [oe [t sco

= (Ap+G(p))- € L3,

Also: Gwiazda, Perthame, Swierczewska-Gwiazda '19, Bevilacqua, Perthame,
Schmidtchen '21



A short break on multi-species models

On1 — V- (nVp) = n1G11(p) + naGa 1 (p)
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A short break on multi-species models

On1 — V- (nVp) = n1G11(p) + naGa 1 (p)
Otha — V- (n2Vp) = N1G12(p) + NaGa2(p)

on —V- (n Vp) = anl(p) + n262(p)7

e BV-bounds on n; do not propagate

e To prove existence and incompressible limit: Vp strongly compact!



Some remarks

AB estimate:
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Some remarks

AB estimate:
e multi-species:
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Optimality of the rate — stationary states converge faster!

Full comparison with the 2-Wasserstein distance: same rate /2
(aly < D2V < Bly) — no reaction, but rate is global in time!

Thank you!
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