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Euler's equation

S Qu + u . Xu + xp = 0

divu = 0

models an idealized/inviscia fluid.

U : 20 ,i] xI
*
- R

& velocity

p : Com pressure

Given u
,

consider Lagrangian trajectories

G = n
+ (47)



(from (Crisan , Holm ,
Flandoli

:
19]



Model

Il

= mean driff" + "erratic flow"

= ux(4+ ) + random term

= ut (4+ ) + 3u(4t)w

· (We
,
irregular/noisy term

· 132
=

fixed
,
used to fit mode)to data.

-> What is the corresponding PDE ?



Using techniques from geometric hydrodynamics
, in

(Crisan , Holm , Leahy , N., ' 22]

we argue that

Qu + u.04 + (3:04 + D3u)W" + op = 0
+ Duc divu = 0
= VlR

preserve the geometric structure of Euler's equation
and is a physically relevant model.

(Kelvin's circulation thm , enstrophy balance....



Can we solve the equation ?

Consider d= 2 and look at the vorticity
w = cur(u = 0xu = &

,
u - Gu

Satisfies

Qu + u.W + 32.wW" = O

The velocity can be recovered via Biot-Savant
↓

u(X) = k8W+ (x) = )k(x-y)We(y)dy
,
K(2) = anR



Method of characteristics :

wed= ) + Dw
= (8(We + 4+ Wy + 3 Tw+WY)(d) = 0

&

since d = (d) + Bu(d)We

= w+ (b) = Wo

=> we = wo (I



Leads to the system

= u
+ (dt) + 3u(dt)w

E u+ = k*Wt

w
=
= Wo(dE)

Yudovich theory : well-posedness in the

class we [10 , iS ; (nL
*

(R3(



How do we understand 3
.
10t)WI when

W is not differentiable
,

e.g.

a sample path of Brownian motion ?

Ho theory-best suited for memoryless noise

Locean's have memory
-its generalizations breaks the geometric
structure and are difficult (possible ?)

to implement



Rough paths/Rough diff.. eq.

First n = 0
,
eq reads

it = 3n(dt)W

Integrate
t

Pt - 4 = )
,

3n(e)Wide = SudsdW

When is integration well-defined ?



Thm (Young ,
1936]

If

19t -9s)[It-31 , Che-hold H-sB

and x + 33

then T
Syndhr = Lim [gtiChtit-heil
It it

j

is well defined and

x + B

isgedhe-gs(he-hs)l ? It-s1 .



If W is -Holder and Sucd .) is B-Holder :

↳ - s = (d)dW = Ends)(WE-W5)
x + B

↓ It - 3) + 113 allo It ->

Expect of to inherit

regularity of W
,
so a = B.

Needa + x > 1 = as t



for sample paths of Brownian motion
I

have x = E-9 for 330
, so Young theory

is out of reach.

In fact

[T . Lyons , 91]



t

But ; SBdB? can be defined
8

using to theory.

However
,
special care is needed :

- (B - t) if 0 = 0

[Bti +Etiti) (Bein Bei- S EB2 if 0 =

So B (SBdB(ee is discontinuous.



In general , also the solution map is discontinuous

CloiRK) - - (Clo ,is ; IRR)

B P + = 3n()BY

S

Eg
↓

&

·(B. SBodB) - cont !
He = Be E
2 = PEB
=

= BdB



Rough paths

A pair ***= (W ,1),

W : 20 ,i] oR4 ,
I : 20 ,12- R

***

s
.

t
. IW-WsldIt-31

,
lIsel : It- > &

and Chen's relation

Ist-lsu-Nat = (We-Nu)@(Wa-Ws)

for delit] is called a rough path.



Think of II as defining
t

SWr-Ws(dWr
S

Typically need probability to give meaning to I.

Possible for a much larger class of stochastic processes.

Once fixed
,
analysis will be deterministic.



Rough differential equations
p = End)w"

t - ds = desdW

= 3(d) + D3u(d)(dr - d) + ada-b)dW

= 3u(d) (WE-W,") + Dbulds))dWidWe + (t-sP4

= 30(s)(W-WS) + DBulds(3e(dWdWe + Oct - SP4)



solution look live a Taylor expansion

in W and II.

Get

2 - ((20 .T] ; RP)

* : =3)W

is continuous !



Drifted equation

! = b+ 14+ ) + 32(b)W

↳
· 3n - [b
·

= (W , 11) a rough path
· b has lower regularity (comes from a fluid)



Osgood regular rector field

Say b : Co .TIXRP-oRd is Osgood if

(by(x) - b+(x)) = h((X - 1)

where hi R
+
-

+ s
.

t.
E

S
↓ dr = d
h(r)

E
. g ..

h(r) = cr
& only for a = 1

· hcrs = ~(l-(nw) (log-Lipschitz



Thm (Galeati , Leahy , N ., 24]

Suppose but By, x-rough path , x + (55 . 2)
and b is boundedand Osgood.

Then & = b
+ (d) + 3u(dt)(d = X

is well-posed and 6) e <(10 .T] ; RY)

sup 16-PeI(H(x-

where Haus = Std



An essential feature we need for Lagrangian
flows is volume preservation.

Need

i) dir3n = dirb = 0

ii) * geometric ,
i . e. I Whe CLOTR

sit.

= >W"Swovd)-- in

E .g . o SBodB (Stratonovich) is geometric

· SBdB (H) is ot



Thm (Galeati , Leahy , N . '24]

· 3 + [b
,

dir 3r = O

· Met geometric
· b Osgood ,

dirb = 0 (distributional (
then G = b+ (d+) + 3n(b-)Wu
is volume preserving

d

(lt)x2" = 2



Back to fluids

Consider

E
! = u+(d) + 3u(4+3W

H = K*We

We = Wo(d')
↓

where K(2) =z1212

Wanted an L-18-theory in w.



When d= 2
,

convolation w/ K is smoothing ;

·SuKfI If + If y

· (K* f(x) - KAfi)(ah(x-
- 1) (If((y + 11f((x)

r(l-(nr) Ocra
where hers = r(l-crir) = [ r

,
r>



so given we (
*
(0 ·i) ; (nL

* (RY)

u : = K*We

is Osgood and thus

· = u+ (dt) + 3u(dt)W

is meaningful.



Moreover dirk = O
,

so

we get a priori estimates

· IWelly = 11 Wo( / = 11Woll

and

· Il Well = IWoll1l Wollg



If we now consider smooth approx.

Nd of I s .
t.

" = (WSWewdr)- **

and the system
E

&
be =Willi + 3)W

E

He = K*W.

we = wo (d)

Then a priori estimates
, smoothing properties of K

+ Arzela-Ascoli yields compactness.



Thm (Galeati , Leahy , N.. 24]

Assume Ent Cy ,
dirbu = O

andMDE is geometric. Then

S:
4+(9t) +3u(dt)(

ht = K*W=

We = Wo (d'

is well-posed in the class

w - [8((0 +i] ; EnL(RY)



Possible to show well-posedness of

&W + U .Ow + BrWi" = O
u = k*w

wo- Le

from a purely Eulerian perspective.

Moreover
, the solutions can be represented by

Lagrangian trajectories ;
(Galeati , Leahy ,

N
. 24]



when b is Less than Lipschitz



Thm (Galeati , Leahy , N .]

Fur be Lewi
,
dirbelel

,
+L((x + (x)

· CTE) and (CE) well-posed in Lx
.

· Product pef satisfies (CE)

· Moreover
,
if b is Osgood then

P = 190 and fe = fo(d)

where d = bud + 3u(dt)




