Numerical solutions of nonlocal (and local)

equations of porous medium type

Jgrgen Endal
URL: http://folk.ntnu.no/jorgeen

Department of mathematical sciences
NTNU

21 November 2018

In collaboration with

F. del Teso and E. R. Jakobsen

A talk given at
NTNU Workshop on PDEs

Jgrgen Endal On nonlocal (and local) equations of porous medium type



Local and nonlocal diffusion

Diffusion is the act of “spreading out” — the movement from areas
of high concentration to areas of low concentration.

Jgrgen Endal On nonlocal (and local) equations of porous medium type



Local and nonlocal diffusion

Let u(x, t) be the probability for a particle to be at discrete
x € hZ,t € TNN[0, T].
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Local and nonlocal diffusion

Let u(x, t) be the probability for a particle to be at discrete
x € hZ,t € TNN[0, T].

Assume that we are only allowed to jump one point either to the
left or to the right, each with probability %

Jgrgen Endal On nonlocal (and local) equations of porous medium type



Local and nonlocal diffusion

Let u(x, t) be the probability for a particle to be at discrete
x € hZ,t € TNN[0, T].

Assume that we are only allowed to jump one point either to the
left or to the right, each with probability %

The probability of being at point x at time t + 7 is then

1 1
u(x,t+71) = Eu(x—k h,t) + EU(X — h, t).
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Local and nonlocal diffusion

Let u(x, t) be the probability for a particle to be at discrete
x € hZ,t € TNN[0, T].

Assume that we are only allowed to jump one point either to the
left or to the right, each with probability %

The probability of being at point x at time t + 7 is then
1 1
u(x,t+71) = EU(X + h,t)+ EU(X — h, t).

t+T
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Local and nonlocal diffusion

Let u(x, t) be the probability for a particle to be at discrete
x € hZ,t € TNN[0, T].

Assume that we are only allowed to jump one point either to the
left or to the right, each with probability %

Choose (the scaling) T = h? and divide by it to obtain

u(x, t+7) —u(x,t)  u(x+ht)+u(x—ht)—2u(x,t)

T h?
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Local and nonlocal diffusion

Let u(x, t) be the probability for a particle to be at discrete
x € hZ,t € TNNJ0, T].

Assume that we are only allowed to jump one point either to the
left or to the right, each with probability %

As 7,h — 0T,

Oru = Au in R x (0, T),
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Local and nonlocal diffusion

Let u(x, t) be the probability for a particle to be at discrete
x € hZ,t € TNNJ0, T].

Assume that we are only allowed to jump one point either to the
left or to the right, each with probability %

As 7,h — 0T,
Oru = Au in R x (0, T),

that is, v is a solution of the heat equation.

@ A. EinsTeIN. Uber die von der molekularkinetischen Theorie der Wirme geforderte Bewegung
von in ruhenden Fliissigkeiten suspendierten Teilchen. Annalen der Physik (in German), 322(8):
549-560, 1905.
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Local and nonlocal diffusion

Now, we change the rules: A particle can jump to any point with a
certain probability, but the probability of jumping to the left or to
the right is exactly the same.
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Local and nonlocal diffusion

Now, we change the rules: A particle can jump to any point with a
certain probability, but the probability of jumping to the left or to
the right is exactly the same.

We choose a density K : R — [0, 00) up to normalization factors as

_1 0
K(y) _ ) y[FFe y 7&
0 y=0

for a € (0,2).
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Local and nonlocal diffusion

Now, we change the rules: A particle can jump to any point with a
certain probability, but the probability of jumping to the left or to
the right is exactly the same.

We choose a density K : R — [0, 00) up to normalization factors as

_1 0
K(y) _ ) y[FFe y 7&
0 y=0

for aw € (0,2). It satisfies
(i) K(y) = K(=y)
(i) Syes K(K) = 1.
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Local and nonlocal diffusion

Now, we change the rules: A particle can jump to any point with a
certain probability, but the probability of jumping to the left or to
the right is exactly the same.

We choose a density K : R — [0, 00) up to normalization factors as

_1 0
K(y) _ ‘y|1+a y #
0 y=0

for aw € (0,2). It satisfies
(i) K(y) = K(=y)
(i) Syes K(K) = 1.

As before, the probability of being at point x at time t + 7 is

u(x, t+7) =Y K(k)u(x + hk, t).
keZ
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Local and nonlocal diffusion

Now, we change the rules: A particle can jump to any point with a
certain probability, but the probability of jumping to the left or to
the right is exactly the same.

We choose a density K : R — [0, 00) up to normalization factors as

_1 0
K(y) _ ) yFe y 7é
0 y=0

for a € (0,2). It satisfies

(i) K(y) = K(-y)

(i) Ykez K(K) = 1.
X-U,\ X- |,\ x x+h xm\
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Local and nonlocal diffusion

Now, we change the rules: A particle can jump to any point with a
certain probability, but the probability of jumping to the left or to
the right is exactly the same.

We choose a density K : R — [0, 00) up to normalization factors as
yare Y #0
K(y)={ PP
0 y=20

for a € (0,2). It satisfies
(i) K(y) = K(=y)
(i) 2 kez K(K) = 1.

Then, for the choice (of scaling) 7 = h?,

u(x, t+17) —u(x,t) _ S= (ulx + hk, t) — u(x, t)) K (hk)h.
T kez\{0}
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Local and nonlocal diffusion

Now, we change the rules: A particle can jump to any point with a
certain probability, but the probability of jumping to the left or to
the right is exactly the same.

As 7,h — 0t

Oru = P.V./ (u(x + z,t) — u(x, 1)) Cll’ia dz
jz1>0 2]

=—(=A)2u in  Rx(0,7)
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Local and nonlocal diffusion

Now, we change the rules: A particle can jump to any point with a
certain probability, but the probability of jumping to the left or to
the right is exactly the same.

As 7,h — 0t

Oru = P.V./ (u(x + z,t) — u(x, 1)) Cll’ia dz
12/>0 k4
=—(=A)2u in  Rx(0,7)

where ¢; o >0 and —(—A)?2 with o € (0,2) is the fractional
Laplacian.
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Local and nonlocal diffusion

Now, we change the rules: A particle can jump to any point with a
certain probability, but the probability of jumping to the left or to
the right is exactly the same.

As 7,h — 0t

Oru = P.V./ (u(x + z,t) — u(x, 1)) Cll’ia dz
12/>0 k4
=—(=A)2u in  Rx(0,7)

where ¢; o >0 and —(—A)?2 with o € (0,2) is the fractional
Laplacian. We thus observe that u is a solution of the fractional
heat equation.

@ E. VavLpinoci. From the long jump random walk to the fractional Laplacian. Bol. Soc. Esp. Mat.
Apl. SeMA, (49):33-44, 2000.
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Diffusion operators

o L7[Y] :=tr(oo T DY) = Zf\lzl(a,- - D)? is a possibly degenerate
self-adjoint second-order local operator.
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Diffusion operators

o LO[Y)] == tr(co T D%) = Zf\lzl(a,- - D)? is a possibly degenerate
self-adjoint second-order local operator. The most common
example is oo T =/, that is, the classical Laplacian A.
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Diffusion operators

o LO[Y)] == tr(co T D%) = Zf\lzl(a,- - D)? is a possibly degenerate
self-adjoint second-order local operator. The most common
example is oo T =/, that is, the classical Laplacian A.

e For general symmetric measures ,

£l =PV [ oy (P05 +2) ~000) 4n(2),
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Diffusion operators

o LO[Y)] == tr(co T D%) = Zf\lzl(a,- - D)? is a possibly degenerate
self-adjoint second-order local operator. The most common
example is oo T =/, that is, the classical Laplacian A.

e For general symmetric measures ,

£l =PV [ oy (P05 +2) ~000) 4n(2),

which includes the well-known fractional Laplacian by choosing
du(z) = |ZC|NT“& dz for some cy o > 0.
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The assumption

A,) p>0is a symmetric Radon measure on RV \ {0} satisfying
m

/z§1|z|2du(z)+/ 1dp(z) < oo.

|z|>1

ensures that our £
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The assumption

A,) p>0is a symmetric Radon measure on RV \ {0} satisfying
m

/z§1|z|2du(z)+/ 1dp(z) < oo.

|z|>1

ensures that our £

@ is the generator of a pure-jump symmetric Lévy process;
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The assumption

A,) p>0is a symmetric Radon measure on RV \ {0} satisfying
m

/z§1|z|2du(z)+/ 1dp(z) < oo.

|z|>1

ensures that our £L*
@ is the generator of a pure-jump symmetric Lévy process;

@ is relevant for applications (in finance, physics, biology, etc.);
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The assumption

A,) p>0is a symmetric Radon measure on RV \ {0} satisfying
m

/z§1|z|2du(z)+/ 1dp(z) < oo.

|z|>1

ensures that our £L*
@ is the generator of a pure-jump symmetric Lévy process;
@ is relevant for applications (in finance, physics, biology, etc.);

@ includes important examples:
o the fractional Laplacian —(—A)2 with a € (0,2);
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The assumption

A,) p>0is a symmetric Radon measure on RV \ {0} satisfying
m

/ |z|2 du(z2) +/ 1du(z) < oo.
|z|<1 |z|>1
ensures that our £L*
@ is the generator of a pure-jump symmetric Lévy process;
@ is relevant for applications (in finance, physics, biology, etc.);
@ includes important examples:
o the fractional Laplacian —(—A)2 with a € (0,2);

o relativistic Schrédinger type operators m*/ — (m?/ — A)% with
a € (0,2) and m > 0;
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The assumption

A,) p>0is a symmetric Radon measure on RV \ {0} satisfying
m

/ |z|2 du(z2) +/ 1du(z) < 0.
z|<1 |z|>1

ensures that our £
@ is the generator of a pure-jump symmetric Lévy process;
@ is relevant for applications (in finance, physics, biology, etc.);
@ includes important examples:
o the fractional Laplacian —(—A)2 with a € (0,2);
° relativistic Schrédinger type operators m®/ — (m?/ — A)% with

€ (0,2) and m > 0;
° for the measure v with V(]R 00,

) <
LY[Y](x) = fan (¥(x + 2) = ¥(x)) dv(2);

N
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The assumption

A,) p>0is a symmetric Radon measure on RV \ {0} satisfying
m

/ |z|2 du(z2) +/ 1du(z) < 0.
z|<1 |z|>1

ensures that our £
@ is the generator of a pure-jump symmetric Lévy process;
@ is relevant for applications (in finance, physics, biology, etc.);
@ includes important examples:
o the fractional Laplacian —(—A)2 with a € (0,2);
° relativistic Schrédinger type operators m®/ — (m?/ — A)% with

€ (0,2) and m > 0;
° for the measure v with V(]RN < 00,

)
LY[P)(x) = faw (P(x + 2) = 9(x)) dv(2);
o for the functlon J W|th fRd (2)dz =1, L79Z[p] = J %) —9;
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The assumption

A,) p>0is a symmetric Radon measure on RV \ {0} satisfying
m

/ |z|2 du(z2) +/ 1du(z) < 0.
z|<1 |z|>1

ensures that our £
@ is the generator of a pure-jump symmetric Lévy process;
@ is relevant for applications (in finance, physics, biology, etc.);
@ includes important examples:
o the fractional Laplacian —(—A)2 with a € (0,2);
° relativistic Schrédinger type operators m®/ — (m?/ — A)% with

€ (0,2) and m > 0;
° for the measure v with V( M) < o0,
LY[Y)(x) = [en (¥(x + 2) = ¥(x)) dv(2);
o for the functlon J W|th f J(z2)dz =1, LIE[] = J*p —
o Fourier multipliers F(L*[)]) = —scuF(1).
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Courrége and the global comparison property

Consider a linear, self-adjoint Lipschitz map
L: CA(RY) — Gy(RY) with the property that

YeCRY v <0&Y(x)=0 = L[Y](x) <0.

Jgrgen Endal On nonlocal (and local) equations of porous medium type



Courrége and the global comparison property

Consider a linear, self-adjoint Lipschitz map
L: CA(RY) — Gy(RY) with the property that

Ve GRY) P <0&y(x0)=0 = L[¥](x) <O
Then
LP](x) = L[Y] + LH[Y]
— tr(ooT D?) + PV, / ((x + 2) — (x)) du(2).

|z|>0
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Courrége and the global comparison property

Consider a linear, self-adjoint Lipschitz map
L: CA(RY) — Gy(RY) with the property that

Ve GRY) P <0&y(x0)=0 = L[¥](x) <O
Then
LP](x) = L[Y] + LH[Y]
— tr(ooT D?) + PV, / ((x + 2) — (x)) du(2).

|z|>0

@ P. CoURREGE. Sur la forme intégro-différentielle des opérateurs de C2° dans C satisfaisant au

principe du maximum. Séminaire Brelot-Choquet-Deny. Théorie du Potentiel, 10(1):1-38,
1965-1966.
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Generalized porous medium equations

Let Q7 := RN x (0, T). We consider the following Cauchy problem:

Oru = Llp(u)] in Qr,

(GPME)
u(x,0) = up(x) on RN,
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Generalized porous medium equations

Let Q7 := RN x (0, T). We consider the following Cauchy problem:

Oru = Llp(u)] in Qr,

(GPME)
u(x,0) = up(x) on RN,

where
o L[p(uv)] = L¢(u)] + L*[p(u)] = local 4 nonlocal
@ ¢ :R — R is continuous and nondecreasing, and

@ up some rough initial data.
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Generalized porous medium equations

Let Q7 := RN x (0, T). We consider the following Cauchy problem:

Oru = Llp(u)] in Qr,

(GPME)
u(x,0) = up(x) on RN,

where
o L[p(uv)] = L¢(u)] + L*[p(u)] = local 4 nonlocal
@ ¢ :R — R is continuous and nondecreasing, and
@ up some rough initial data.
Main results:
@ Uniqueness for ug € L™ with u — ug € LL.

o Convergent numerical schemes in C([0, T]; LY(RN)) for
ug € LY L.
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The assumption
(Ap) ¢ : R — R is continuous and nondecreasing,

includes nonlinearities of the following kind
@ the porous medium ¢(u) = u™ with m > 1,
o fast diffusion ¢(u) = u™ with 0 < m < 1, and
@ (one-phase) Stefan problem ¢(u) = max{0, v — ¢} with ¢ > 0.
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Selective summary of previous results

Local case: 0:u = Au, 0ru = Au™, Oru = Ap(u).

e Well-posedness:

@ J. L. VAzQuEz. The porous medium equation. Mathematical theory. Oxford Mathematical
Monographs. The Clarendon Press, Oxford University Press, Oxford, 2007.
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Selective summary of previous results

Local case: 0:u = Au, 0ru = Au™, Oru = Ap(u).

e Well-posedness:

@ J. L. VAzQuEz. The porous medium equation. Mathematical theory. Oxford Mathematical
Monographs. The Clarendon Press, Oxford University Press, Oxford, 2007.

e Numerical results:

Risebro, Karlsen, Biirger, DiBendedetto, Droniou, Eymard,
Gallouet, Ebmeyer,. ..
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Selective summary of previous results

Nonlocal case: d:u = LH[p(u)].
e Well-posedness when £ = —(—A)2:

Many people: Vazquez, de Pablo, Quirds, Rodriguez, Brandle,
Bonforte, Stan, del Teso, Muratori, Grillo, Punzo, ...
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Selective summary of previous results

Nonlocal case: d:u = LH[p(u)].
e Well-posedness when £ = —(—A)2:

Many people: Vazquez, de Pablo, Quirds, Rodriguez, Brandle,
Bonforte, Stan, del Teso, Muratori, Grillo, Punzo, ...

e Well-posedness for other £H:

Nonsingular operators
@ F. ANDREU-VAILLO, J. MazoN, J. D. Rossi, aND J. J. ToLEpO-MELERO. Nonlocal diffusion

problems, volume 165 of Mathematical Surveys and Monographs. American Mathematical
Society, Providence, Rl; Real Sociedad Matematica Espafiola, Madrid, 2010.

Fractional Laplace like operators (with some x-dependence)

@ A. pE PaBLo, F. QuirGs, aND A. RoDRIGUEZ. Nonlocal filtration equations with rough kernels.
Nonlinear Anal., 137:402-425, 2016.
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Selective summary of previous results

Nonlocal case: d:u = LH[p(u)].
e Well-posedness when £ = —(—A)2:

Many people: Vazquez, de Pablo, Quirds, Rodriguez, Brandle,
Bonforte, Stan, del Teso, Muratori, Grillo, Punzo, ...

e Well-posedness for other £H:

Nonsingular operators

@ F. ANDREU-VAILLO, J. MazoN, J. D. Rossi, aND J. J. ToLEpO-MELERO. Nonlocal diffusion

problems, volume 165 of Mathematical Surveys and Monographs. American Mathematical
Society, Providence, Rl; Real Sociedad Matematica Espafiola, Madrid, 2010.

Fractional Laplace like operators (with some x-dependence)

@ A. pE PaBLo, F. QuirGs, aND A. RoDRIGUEZ. Nonlocal filtration equations with rough kernels.
Nonlinear Anal., 137:402-425, 2016.

e Well-posedness for related £:

@ G. KarcH, M. KassMANN, aAND M. Krupskl. A framework for non-local, non-linear initial
value problems. arXiv, 2018.

Jgrgen Endal On nonlocal (and local) equations of porous medium type



Selective summary of previous results

Nonlocal case: d:u = LH[p(u)].

e Numerical results:

Huang, Oberman, Droniou, Nochetto, Otarola, Salgado, Cifani,
Karlsen, Jakobsen, del Teso, La Chioma, Debrabant, Camili,
Biswas, . ..
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Selective summary of previous results

Previous results (mostly) rely on:
@ The porous medium nonlinearity ¢(u) = u™ with m > 1.
@ A very restrictive class of Lévy operators.

@ The use of L-energy solutions.
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Selective summary of previous results

Previous results (mostly) rely on:
@ The porous medium nonlinearity ¢(u) = u™ with m > 1.
@ A very restrictive class of Lévy operators.

@ The use of L-energy solutions.

In our case:

@ Uniqueness is hard to prove because of a very weak solution
concept (however, existence is then easier).

@ We can handle very weak assumptions on ¢ and L*.

@ Our schemes converge under “rough” conditions.
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Distributional solution

Under the assumptions (A,), (A,), and up € L>°(RN),
u € L*(Qr) is a distributional solution of (GPME) if

0= [ [ (st 000000, 6)+ o, L D1(6)) axes
+/RN up(x)¥(x,0) dx

for all ¢ € C(RN x [0, T)).
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Uniqueness

Theorem (Preuniqueness, [del Teso&JE& Jakobsen, 2017])

Assume (A,) and (A,). Let u(x,t) and d(x,t) satisfy
u, i€ L>®(Qr),
u— e YQr),
Oru — Llp(u)] = 0.0 - L[p(a)]  in D'(QT),
esslim /R (w0, )=80x, D)(x, 1) dx =0 Vi € CE(RYx[0, T)).

Then u =i a.e. in Qr.

Jgrgen Endal On nonlocal (and local) equations of porous medium type



Uniqueness

Corollary (Uniqueness, [del Teso& JE& Jakobsen, 2017])

Assume (A,), (A,), and ug € L®(RN). Then there is at most one
distributional solution u of (GPME) such that u € L*°(Qt) and
u—up € LYQ7).

Proof: Assume there are two solutions u and & with the same
initial data ug. Then all assumptions of Theorem Preuniqueness
obviously hold (||u — d||;1 < ||Ju — wol|;x + ||G — wol|;2 < o0), and
u=1ia.e. ]
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Uniqueness

Corollary (Uniqueness, [del Teso& JE& Jakobsen, 2017])

Assume (A,), (A,), and ug € L®(RN). Then there is at most one
distributional solution u of (GPME) such that u € L*°(Qt) and
u—up € LYQ7).

Proof: Assume there are two solutions u and & with the same
initial data ug. Then all assumptions of Theorem Preuniqueness
obviously hold (||u — d||;1 < ||Ju — wol|;x + ||G — wol|;2 < o0), and
u=1ia.e. ]

Corollary (Uniqueness, [del Teso&JE& Jakobsen, 2017])

Assume (A,), (Au), and ug € L1 N L°(RN). Then there is at most
one distributional solution u € L* N L(RN) of (GPME).
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Finite difference discretizations

e Local operator:

N

Apib(x) = % S (0(x + hei) + 1(x — hey) — 2(x))
i=1
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Finite difference discretizations

e Local operator:
;N
Ard(x) = 5 S (W(x + hey) +(x — hey) — 24(x))

h2
i=1

¢ Nonlocal operator:

LOY)(x) =Y ($(x + 25) = $(x))ws.h
B0

where wg = w_g > 0.
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Finite difference discretizations, nonlocal operator

Here,

LMY](x) = / (¥(x + 2) = ¥(x)) du(z) = LX[Y](x)

|z|>h
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Finite difference discretizations, nonlocal operator

Here,

LMY](x) = / (¥(x + 2) = ¥(x)) du(z) = LX[Y](x)

|z|>h

that is, we require that the singular part is approximated by 0.
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Finite difference discretizations, nonlocal operator

Here,

LO)(x) == / (V(x + 2) = ¥(x)) du(z) = L' [Y](x)
|z|>h

that is, we require that the singular part is approximated by 0.

Let {plé}ﬁezN be an interpolation basis of order k for the
uniform-in-space spatial grid G,
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Finite difference discretizations, nonlocal operator

Here,

I = [

|z|>h

(¥(x + 2) — ¥(x)) du(z) = L[] (x)

that is, we require that the singular part is approximated by 0.

Let {plé}ﬁezN be an interpolation basis of order k for the
uniform-in-space spatial grid G, and let the interpolant of a

function ¢ be Ih[¥](2) := 3540 w(25)p§(z).
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Finite difference discretizations, nonlocal operator

Here,

I = [

|z|>h

(¥(x + 2) — ¥(x)) du(z) = L[] (x)

that is, we require that the singular part is approximated by 0.

Let {plé}ﬁezN be an interpolation basis of order k for the
uniform-in-space spatial grid G, and let the interpolant of a

function ¢ be Ih[¥](2) := 3540 w(25)p§(z). Then

LI = 3 (604 20) — 06) [ o) duta)

840 |z|>h
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Finite difference discretizations, nonlocal operator

Here,

LMY](x) = / (¥(x + 2) = ¥(x)) du(z) = LX[Y](x)

|z|>h

that is, we require that the singular part is approximated by 0.

Let {plé}ﬁezN be an interpolation basis of order k for the
uniform-in-space spatial grid G, and let the interpolant of a
function ¢ be Ih[¥](2) := 3540 w(25)p§(z). Then

LI = 3 (604 20) — 06) [ o) duta)

840 |z|>h

Monotone (f|z|>h p’é(z) du(z) > 0) when k=0, 1.
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Finite difference discretizations, nonlocal operator

Here,
LP](x) = /||>h (V(x +2) = (x)) du(z) = L[Y](x)

that is, we require that the singular part is approximated by 0.

Let {p’é}BeZN be an interpolation basis of order k for the
uniform-in-space spatial grid G, and let the interpolant of a
function ¢ be Ih[¥](2) := 3540 w(25)p§(z). Then

LI = 3 (604 20) — 06) [ o) duta)

840 |z|>h

Monotone (f|z|>h p’é(z) du(z) > 0) when k=0, 1.
Better monotonicity if i abs. cont. and regular (Newton-Cotes).
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Advantage using general nonlocal framework

Remember that

L) =D ((x + 25) — %(x))wp.p-
B0
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Advantage using general nonlocal framework

Remember that

L) =D ((x + 25) — %(x))wp.p-
B0

Now, note that

ST (¢ + 28) — V(x))wsp = / (¥(x + 2) — () dva(2)

B?ﬁo |Z|>0

where dvp(z) = 3250 ws,hnddz,(2).
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Advantage using general nonlocal framework

Remember that

L) =D ((x + 25) — %(x))wp.p-
B0

Now, note that

ST (¢ + 28) — V(x))wsp = / (¥(x + 2) — () dva(2)

840 |z|>0

where dvy(z) = Zﬁ#o Wg,h d525 (2).
Moreover,

1 N
i 2 (Ve i he)20) = / k) —00) a2

where dvp(z) = SN | 5 (dohe (2) + do_pe(2)).
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Advantage using general nonlocal framework

Remember that

L) = ($(x + 28) — (x))wg.n = L [](x).

B840
Now, note that

S™ ($(x+ 25) — ¥ () wpp = / (t(x + 2) — $(x)) dvp(2)

5750 |Z|>0

where dvy(z) = Zﬁ#o wp,h ddz, (2).
Moreover,

1 N
i 2 (Ve i he)20) = / k) —4) dn2)

where dvp(z) = SN | 5 (dohe (2) + do_pe(2))-
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Numerical schemes for (GPME)

Recall that our Cauchy problem was given as

Oru = Llp(u)] in Qr,

(GPME)
u(x,0) = up(x) on RN,

Jgrgen Endal On nonlocal (and local) equations of porous medium type



Numerical schemes for (GPME)

Recall that our Cauchy problem was given as

Oru = Llp(u)] in Qr,

(GPME)
u(x,0) = up(x) on RN,

Corresponding numerical scheme (NM):

v

-t . .
ﬁAliﬁ = Lo (V)] + ﬁuh,z[@h(ufﬁfl)] in  AxZN x AtN,
“Ug = uy" in  AxzZN,
where

LY+ L72 = L= L7 + LF

e
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Numerical schemes for (GPME)

Our framework includes

@ a mixture of implicit and explicit schemes (6-methods);
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Numerical schemes for (GPME)

Our framework includes
@ a mixture of implicit and explicit schemes (6-methods);

@ the possibility of discretizing the singluar and nonsingular parts
of £# in different ways; and

Jgrgen Endal On nonlocal (and local) equations of porous medium type



Numerical schemes for (GPME)

Our framework includes
@ a mixture of implicit and explicit schemes (6-methods);

@ the possibility of discretizing the singluar and nonsingular parts
of £# in different ways; and

@ combinations of the above.
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Numerical schemes for (GPME)

Our framework includes
@ a mixture of implicit and explicit schemes (6-methods);

@ the possibility of discretizing the singluar and nonsingular parts
of £# in different ways; and

@ combinations of the above.
Also:
Explicit methods only works for Lipschitz ¢ because of CFL. But, in

stead of doing implicit methods for “demanding” o, we can do less
costly explicit methods with approximating .
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Convergence of the numerical schemes

The scheme defined by (NM) is

@ monotone,

o (conservative if the ¢'s involved are Lipschitz)
@ LP-stable, and
°

consistent.
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Convergence of the numerical schemes

The scheme defined by (NM) is
@ monotone,
o (conservative if the ¢'s involved are Lipschitz)
@ LP-stable, and

@ consistent.

Theorem (Convergence, [del Teso&JE& Jakobsen, 2018])

For the interpolant Up o+, we have
Upne —u in  C([0, T LL.(RY)) as  h At — 0"

where u € LY(Q7) N L>®(Q7) N C([0, T]; L (RN)) is a
distributional solution of (GPME).

Note that we only assume up € L1 N L.
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Convergence of the numerical schemes

The scheme defined by (NM) is
@ monotone,
o (conservative if the ¢'s involved are Lipschitz)
@ LP-stable, and

@ consistent.

Theorem (Convergence, [del Teso&JE& Jakobsen, 2018])

For the interpolant Up o+, we have
Upat —u in C([0, T]; LL(RY))  as  hAt—0F

where u € LY(Q7) N L>®(Q7) N C([0, T]; L (RN)) is a
distributional solution of (GPME).

Note that we only assume up € L1 N L.
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Proof of convergence
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Proof of convergence

1. Since the operator and the nonlinearity are x-independent, the
numerical scheme is equivalent with

V(x) = AL p(U)](x) = 7 (x) + AtL2[p" (U] ().
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Proof of convergence

1. Since the operator and the nonlinearity are x-independent, the
numerical scheme is equivalent with

V(x) = AL p(U)](x) = 7 (x) + AtL2[p" (U] ().

2. At every time step, we have a combination of explicit and
implicit steps:

(EP) w — AtL p(w)] = F on RN,
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Proof of convergence

1. Since the operator and the nonlinearity are x-independent, the
numerical scheme is equivalent with

V(x) = AL p(U)](x) = 7 (x) + AtL2[p" (U] ().

2. At every time step, we have a combination of explicit and
implicit steps:

(EP) w — AtL p(w)] = F on RV,
where U/ = w = Timp[f] and
F(x) = Te[ ! M(x) = U1 (x) + AtL™2 [ (U H)](x).
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Proof of convergence

1. Since the operator and the nonlinearity are x-independent, the
numerical scheme is equivalent with

V(x) = AL p(U)](x) = 7 (x) + AtL2[p" (U] ().

2. At every time step, we have a combination of explicit and
implicit steps:

(EP) w — AtL p(w)] = F on RV,
where U/ = w = Timp[f] and
F(x) = Te[ ! M(x) = U1 (x) + AtL™2 [ (U H)](x).

3. Well-posedness of (NM) <= Well-posedness of (EP) and
properties of Teyp.
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Proof of convergence

1. Since the operator and the nonlinearity are x-independent, the
numerical scheme is equivalent with

V(x) = AL p(U)](x) = 7 (x) + AtL2[p" (U] ().

2. At every time step, we have a combination of explicit and
implicit steps:

(EP) w — AtL p(w)] = F on RV,
where U/ = w = Timp[f] and
F(x) = Te[ ! M(x) = U1 (x) + AtL™2 [ (U H)](x).

3. Well-posedness of (NM) <= Well-posedness of (EP) and
properties of Teyp.
4. To study Teyp, the CFL-condition comes naturally

AtLSOth’Z(RN) <1 “time derivative ~ spatial derivatives”
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Proof of convergence

5. Both operators Timp and Teyp are “well-posed” in YN L* and
enjoy
e comparison principle;
o [l-contraction; and
o L[1/L>-stability.
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Proof of convergence

5. Both operators Timp and Teyp are “well-posed” in YN L* and
enjoy
e comparison principle;
o [l-contraction; and
o L[1/L>-stability.

6. All properties then carries over to the numerical scheme (NM).
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Proof of convergence

5. Both operators Timp and Teyp are “well-posed” in YN L* and
enjoy
e comparison principle;
o [l-contraction; and
o L[1/L>-stability.

6. All properties then carries over to the numerical scheme (NM).

7. In particular, we have equiboundedness and equicontinuity in
space.
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Proof of convergence

5. Both operators Timp and Teyp are “well-posed” in YN L* and
enjoy
e comparison principle;
o [l-contraction; and
o L[1/L>-stability.
6. All properties then carries over to the numerical scheme (NM).
7. In particular, we have equiboundedness and equicontinuity in
space.

8. In addition, we get equicontinuity in time
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Proof of convergence

5. Both operators Timp and Teyp are “well-posed” in YN L* and
enjoy
e comparison principle;
o [l-contraction; and
o L[1/L>-stability.
6. All properties then carries over to the numerical scheme (NM).
7. In particular, we have equiboundedness and equicontinuity in
space.

8. In addition, we get equicontinuity in time (the Kruzkov lemma).
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Proof of convergence

5. Both operators Timp and Teyp are “well-posed” in YN L* and
enjoy
e comparison principle;
o [l-contraction; and
o L[1/L>-stability.
6. All properties then carries over to the numerical scheme (NM).

7. In particular, we have equiboundedness and equicontinuity in
space.

8. In addition, we get equicontinuity in time (the Kruzkov lemma).

9. An application of the Arzela-Ascoli and Kolmogorov-Riesz
compactness theorems then gives the desired compactness and
convergence.
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Proof of convergence

5. Both operators Timp and Teyp are “well-posed” in YN L* and
enjoy
e comparison principle;
o [l-contraction; and
o L[1/L>-stability.
6. All properties then carries over to the numerical scheme (NM).

7. In particular, we have equiboundedness and equicontinuity in
space.

8. In addition, we get equicontinuity in time (the Kruzkov lemma).

9. An application of the Arzela-Ascoli and Kolmogorov-Riesz

compactness theorems then gives the desired compactness and
convergence. BUT “only” in C([0, T]; L} (RN)).

loc
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Equitightness, uniform control at infinity

We want an estimate like

lim sup/ |Un.ae(x, t)|dx = 0.
R—oop At J|x|>R
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Equitightness, uniform control at infinity

We want an estimate like

lim sup/ |Un.ae(x, t)|dx = 0.
R—oop At J|x|>R

Recall the definition of distributional solutions, for
Y€ C(RN x [0, T]),

//v u(x, T)y(x, T)dx
: T
= / /N (U(X, £)0:(x, t) + p(u(x, t))L[Y(-, t)](x)) dx dt
0 R
+ /RN uo(x)1(x,0) dx.

Choose 9(x, t) = sign(u)Xr(x).



Equitightness, uniform control at infinity

We want an estimate like

lim sup/ |Up.at(x, t)]dx = 0.
R—=00 p At J|x|>R

Recall the definition of distributional solutions, for
P e C(RN x [0, T)),

|, e Tl ()
/ [, letue DIIERRCl et + [ uo)| Xl .
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Equitightness, uniform control at infinity

We want an estimate like

lim sup/ |Up.at(x, t)]dx = 0.
R—=00 p At J|x|>R

Recall the definition of distributional solutions, for
P e C(RN x [0, T)),

|, e Tl ()
/ [, letue DIIERRCl et + [ uo)| Xl .

Choose Xg(x) = 1|4>r such that 1,>g < Ar(x) and Xg — 0 as
R — oo.
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Equitightness, uniform control at infinity

We want an estimate like

lim sup/ |Unae(x, t)|dx = 0.
R—=00 p At J|x|>R

Recall the definition of distributional solutions, for
¥ e C(RN x [0, 7)),

Rli’rlo /X>R lu(x, T)|Xr(x)dx
< lim / / u(x, t))||L[XR](x)| dx dt.

R—o0
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Equitightness, uniform control at infinity

We want an estimate like

lim sup/ |Unae(x, t)|dx = 0.
R—=00 p At J|x|>R

Recall the definition of distributional solutions, for
¥ e C(RN x [0, 7)),

lim /X>R lu(x, T)|Xr(x)dx

R—o0

< lim / / u(x, )| L[XR](x)] dx dt.

R—o0

What can we say about the last term?
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Equitightness, local diffusion

e Assume £ = A and ¢ is Lipschitz. Then
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Equitightness, local diffusion

e Assume £ = A and ¢ is Lipschitz. Then

// u(x, £))[|L[ARI ()| dx dt

1
< Thollullal|AXRI[ e = TLyllull 2 5 [AX o
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Equitightness, local diffusion

e Assume £ = A and ¢ is Lipschitz. Then

Iim/ / u(x, t))||£[XR](x)| dx dt = 0.

R—o0

e Assume £ = A and ¢ is y-Holder with v € (0,1). Then
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Equitightness, local diffusion

e Assume £ = A and ¢ is Lipschitz. Then

Iim/ / u(x, t))||£[XR](x)| dx dt = 0.

R—o0

e Assume £ = A and ¢ is y-Holder with v € (0,1). Then

.
| [ et pliciealoo] axar
0 RN

1
< Tlelconllullim |AXR] e = Tlolcon||ull o —g— 1AX ][0
R
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Equitightness, local diffusion

e Assume £ = A and ¢ is Lipschitz. Then

Rllnoo/ / u(x, t))||£[XR](x)| dx dt = 0.

e Assume £ = A and ¢ is y-Holder with v € (0,1). Then

.
| [ et pliciealoo] axar
0 RN

1
< Tlelconllullim |AXR] e = Tlolcon||ull o —g— 1AX ][0
R

We have to tune N+, p, g such that we have convergence, and we
get it when M <7v<l1.
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Equitightness, local diffusion

e Assume £ = A and ¢ is Lipschitz. Then

Rllnoo/ / u(x, t))||£[XR](x)| dx dt = 0.

e Assume £ = A and ¢ is y-Holder with v € (0,1). Then

.
| [ et pliciealoo] axar
0 RN

1
< Tlelconlulla |AXRI e = Tlolcon|lullor—x— = 1A

We have to tune N+, p, g such that we have convergence, and we
get it when max{o# < v < 1. (Extinction when

0<y<
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Equitightness, local diffusion

Assume £ = L* such that

/| () d(2) ~ A and () du(z) ~ —(—A)3 [Xe]

|z|]>R>1
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Equitightness, local diffusion

Assume £ = L* such that

/| () d(2) ~ A and () du(z) ~ —(—A)3 [Xe]

|z|]>R>1

that is, is a differential operator of order v € (0,2). Then

Jgrgen Endal On nonlocal (and local) equations of porous medium type



Equitightness, local diffusion

Assume £ = L* such that

/| () d(2) ~ A and () du(z) ~ —(—A)3 [Xe]

|z|]>R>1

that is, is a differential operator of order v € (0,2). Then

e when ¢ is Lipschitz,
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Equitightness, local diffusion

Assume £ = L* such that

/| () d(2) ~ A and () du(z) ~ —(—A)3 [Xe]

|z|]>R>1

that is, is a differential operator of order v € (0,2). Then

e when ¢ is Lipschitz,

e when ¢ is y-Hdlder and W <7y <1,
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Equitightness, local diffusion

Assume £ = L* such that

[ ) ~ A and () du(z) ~ ~(~B)3 [z]
|z|<1 |z|>R>1

that is, is a differential operator of order v € (0,2). Then

e when ¢ is Lipschitz,

e when ¢ is y-Hdlder and W <7y <1,

jim / / u(x, )| C[XR](x)] dx d = .

R—o0

Jgrgen Endal On nonlocal (and local) equations of porous medium type



Equitightness, local diffusion

Assume £ = L* such that

[ ) ~ A and () du(z) ~ ~(~B)3 [z]
|z|<1 |z|>R>1

that is, is a differential operator of order v € (0,2). Then

e when ¢ is Lipschitz,

e when ¢ is y-Holder and % <y <1,

jim / / u(x, )| C[XR](x)] dx d = .

R—o0
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Convergence, final

Theorem (Convergence, [del Teso&JE& Jakobsen, 2018])

For the interpolant Up p+, we have
Unat = u in c([o, T]; LY(RM)) as  hAt—0"

where u € L1(Q7) N L=(Q7) N C([0, T]; L*(RN)) is a
distributional solution of (GPME).
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Simulations

e 1D (one-phase) Stefan problem with ¢(u) = max{0, u — 0.5}.
Explicit method. £ = —(—8XX)% with & = 0.5,1,1.5.

e 2D (one-phase) Stefan problem with ¢(u) = max{0, v — 1}.

Explicit method. £ = ((3,£5) - D)2 + (—85)3.
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Thank you for your attention!
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